
UNIVERSITY OF BIRMINGHAM

MASTERS DEGREE THESIS

Sensitivities: A Numerical
Approach

Author:
Matthew ROBINSON

Supervisor:
Daniel J. DUFFY

Student Number ID: 1346964

A thesis submitted in partial fulfilment of the requirements
for the degree of MSc Mathematical Finance

in the

Department of Economics
Birmingham Business School



i

UNIVERSITY OF BIRMINGHAM

Abstract
MSc Mathematical Finance

Sensitivities: A Numerical Approach

by Matthew ROBINSON

Sensitivity analysis is widespread across multiple disciplines, focusing on
the effect a parameter change has on some mathematical model. It is widely
accepted that the analysis of sensitivities in finance is of extreme importance,
it can inform investors of the behaviour of financial instruments concerning
the current state of the market; indicating the sensibility of an investment in
bonds or option.

This paper identifies potential methods used to approximate the Black-Scholes
option Greeks and bonds that follow the Cox-Ingersoll-Ross (CIR) interest
rate process. These methods include the Divided Difference method, Cubic
Spline method, Forward Automatic Differentiation, Complex-Step Method,
Method Of Lines scheme, Crank Nicolson method, Alternating Directional
Explicit method and the Continuous Sensitivity Equation approach.

The paper expands on the mathematical background of each method and at-
tempts to approximate such sensitivities using the C++ and MATLAB coding
environments. An emphasis is placed on the Continuous Sensitivity Equa-
tion approach and the issues that present itself when applying the approach
to the approximation of bond sensitivities.

An application of Fichera theory is applied to the Cox-Ingersoll-Ross bond
pricing PDE to identify the conditions necessary to implement boundary con-
ditions. The application of Fichera theory and the Continuous Sensitivity
Equation approach has led to a potential area of new research concerning the
uniqueness of such approximations and whether such equations are well-
posed.

Finally, the importance of choosing the correct boundary and initial condi-
tions is investigated using the Greek Rho partial differential equation. In
closing, it is found that more research needs to be undertaken before the CSE
approach is considered a viable alternative to the Divided Difference and Cu-
bic Spline approach. Despite these findings, the Complex-Step method and
Forward Automatic Differentiation methods produce approximation on par
with the closed-form sensitivity formulae. It is concluded that the Forward
Automatic Differentiation methods ease of implementation into C++ and its
accuracy make it a practical alternative to large closed-form sensitivity equa-
tion such as the CIR volatility sensitivity equation.
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1 Introduction

Financial instruments are tradeable assets ranging from cash, bonds and even
loans. There exist two forms: cash and derivative instruments. zero-coupon
Bonds and European Options will be the focus throughout this thesis where
a range of methods are used to calculate sensitivities concerning a change in
some model parameters such as the interest rate. In most cases, closed-form
solutions do not exist, forcing the use of numerical methods to approximate
such sensitivities.

A range of methods are applied to the above financial instruments where
the implementation and tractability of each method are expanded on. The
results obtained are calculated using C++14 on a 2018 Macbook Pro equipped
with a 6-core i7 2.2GHz processor running Visual Studio via the Parallels
virtualisation software and MATLAB 9.6, using the standard macOS.

Post introduction in Chapter 2, the Black-Scholes model and the Cox-Ingersoll-
Ross zero-coupon bond pricing partial differential equation (PDE) is intro-
duced alongside their respective closed-form sensitivity equations. The the-
ory behind each of the sensitivities is covered.

Within Chapter 3, three numerical methods are covered known as the Method
Of Lines (MOL) scheme; the Crank-Nicolson (CN) scheme and the Alternat-
ing Direction Explicit (ADE) scheme. In each case, these methods are ap-
plied to a generalised diffusion-convection-reaction PDE which can be easily
expressed in terms of the models introduced in Chapter 2.

In Chapter 4, the following methods are introduced: Divided Difference; Cu-
bic Spline; Forward Automatic Differentiation; the Complex-Step Method
(CSM) and the Continuous Sensitivity Equation (CSE) approach. Each of
which is introduced with an emphasis on their functionality in relation to
calculating sensitivities.

Chapter 5 expands on how each method is implemented into C++ with the
addition of code extracts.

In Chapter 6, the above numerical and approximation methods are applied
using C++ and MATLAB with graphical and table representations of the re-
sults obtained using each method.

Lastly, a conclusion on the discovered issues and practicality of the imple-
mented methods are given.
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2 Financial Instruments and
Sensitivities

The calculation of sensitivities comprises of two methods: the approxima-
tion of the security, and the application of a second method to calculate the
sensitivity.

The first method requires either a closed-form solution to calculate the exact
option/bond price or a partial differential equation (PDE) that models the
security. The secondary method, once again, is calculated via a closed-form
solution or the pricing PDE that is differentiated using a numerical method.

2.1 Black-Scholes Model

The Black-Scholes model was introduced in 1973 by Black and Scholes [3,
pg.642] and was developed to price the value of an option given some un-
derlying price. However, the model is fundamentally flawed by the market
assumptions imposed on the model, such as:

• A constant interest rate.

• There are no dividend payouts over options lifetime.

• A constant volatility.

• Price follows a Brownian motion movement pattern.

• Future stock prices follow a log-normal distribution.

Despite the above limitations that do not hold in the market; the model is
used due to the wide variety of academic literature and that no model can
fully capture all aspects of the market. In addition, the Black-Scholes model
uses the cumulative distribution function of the Gaussian distribution, and
the expectations can offer a simple interpretation. Wilmott (2009) [27, pg.139]
remarks that quantitative analysts prefer the closed-form solutions to that of
numerical solutions; given the pressures of choosing a model that satisfies
that requirements of being: robust, fast, accurate and easy to calibrate.

Consider the Black-Scholes model:

∂V
∂t

+
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV = 0. (2.1)
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Where: V = V(S, K, r, σ, T).

The Black-Scholes model is also known as a Diffusion/Convection/Reaction
(d/c/r) equation. It follows the layout of models used in science and engi-
neering to describe the movement of some physical quantity in a physical
system governed by a diffusion, convection and reaction process. Concern-
ing the Black-Scholes model, d/c/r corresponds to the convexity, drift and
discounting term which is as follows:

Convexity: 1
2 σ2S2 ∂2V

∂S2 .

Drift: rS ∂V
∂S .

Discount Term: −rV.

In short, the convexity term measures the amount made from a change in
the underlying price given a hedged (Delta) position. The discount term is
self-explanatory as it is the valuation of the option in present time. Lastly,
the drift consists of the underlying and the risk-free rate which measures the
growth of the underlying given the risk-free interest rate. The above PDE
is used to price European options; however, under the model assumptions,
there exists an analytical closed-form solution for both European put and call
options. Consider the European call closed-form solution:

C(S(t), t) = SN (d1)− Ke−rTN (d2). (2.2)

d1 = ln( S
K )+(r+ σ2

2 )T
σ
√

T
d2 = d1 − σ

√
T.

The above analytical solution provides an exact option price with the limi-
tation being the machine precision. The closed-form expression will be used
to identify the precise solution to calculate the absolute error of numerical
methods in proceeding chapters.

2.2 Black-Scholes Sensitivities

Greeks are option sensitivities obtained by differentiating the option with re-
spect to some parameter, either analytically or numerically. This thesis will
focus on the following Greeks: Delta; Gamma; Rho; Theta and Vega. In addi-
tion, this subsection will provide the closed-forms for each Greek where their
derivations are given in Appendix A.

Consider the option Greek Delta denoted (∆) which is the sensitivity of some
option V concerning changes in the underlying S. In layman’s terms, it is
a measure on how much the price of an option is expected to change per £1
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change in the price of the underlying asset. The closed-form solution of Delta
for a Call option is given by:

∆call = N (d1) > 0. (2.3)

Noticing that the closed-form contains the normal CDF, a property of Delta
presents itself in that the value of Delta cannot be greater than 1 (this will
find use in later chapters). The classically Delta is used in Delta Hedging and
is found in the derivation of Black-Scholes PDE.

Gamma denoted (Γ) is the sensitivity that corresponds to the second deriva-
tive of the option pricing equation with respect to the underlying. Consider
the closed-form :

Γcall/put =
1

Sσ
√

2πT
e
−d2

1
2 > 0. (2.4)

Gamma indicates when a position in the market needs to be re-hedged, en-
suring that a Delta neutral position is maintained. The limitation is that in a
shifting market, continual re-hedging of a Delta hedge is required to main-
tain a position. Gamma has uses for those in the Quant industry as it declares
how much Delta will change given changes in the underlying asset. If one
considers the transactional costs of re-hedging, a smaller Gamma would in-
dicate that little cost is associated with this action, making solutions such as
dynamic hedging plausible. One can summarise by stating that as an option
becomes At-The-Money the more Gamma increases given the great variation
on the position.

Theta (θ) is the rate of change of the option price with time. Glendall (2014)
[14] states that "An option is more valuable the longer it is valid"; this is log-
ical as it provides the holder with a higher probability of an option landing
In-The-Money. However, Theta measures a (long) options time decay such
that the closer the option gets to expiry, the more the option price ’decays’.
Therefore the change in the options price with respect to a one day decrease
until expiry is calculated by the closed-form:

θcall = −
Sn(d1)σ

2
√

T
− rKe−rTN (d2). (2.5)

Vega (V) is arguably the most important Greek as it is a measure of the rate
of change of an options price per percentage change in the implied volatil-
ity of a given underlying. Traders use Vega to identify the sensitivity of a
portfolio to changes in implied volatility and can indicate if an option should
be longed or shorted. For example, a higher Vega (assuming all parameters
are constant) would indicate that an option should be sold, as the increase in
volatility would subsequently increase the options price. This is partly due to
an options increased probability of expiring In-The-Money. The closed-form
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solution is given by:

Vcall/put =
S√
2π

e−
−d2

1
2
√

T. (2.6)

Lastly, Rho (ρ) is the sensitivity an option price with respect to changes in
the risk-free interest rate and measures the change in the price of an option
given a percentage change in the interest rate. Therefore indicating whether
a trader would expect the option price to rise and fall should the risk-free
rate change. The closed-form (call) solution is given by the following:

ρcall = TKe−rTN (d2) > 0. (2.7)

2.3 Cox-Ingersoll-Ross (CIR) Process

Single-factor models are processes that assume that a specified factor, such as
the interest rate can summarise the term structures behaviour at any point in
time. The general form of a single factor model consists of a time-dependent
drift term and some stochastic term that attempts to recreate the random
nature of the state variable.

The interest rates term structure is the relation between the term to maturity
and the interest (or bond yields). The graphical representation of the term
structure is classically known as the yield curve and represents the market’s
attitude towards future events. Modelling the term structure theoretically
provides one with the ability to anticipate the sensitivity of the yield curve to
changes in variables that affect the term structure.

Cox, Ingersoll and Ross understood that modelling the term structure was of
high importance and developed the CIR model in 1985 [8, pg.390-91] under
the assumptions that:

• Changes are described by a single state variable.

• The development of the state variable is governed by a stochastic dif-
ferential equation.

• The rate of return has mean and variances proportional to the state vari-
able.

Giving rise to the (later known) CIR model:

dr(t) = κ(Θ− r(t)) + σ
√

r(t)dw(t). (2.8)

The stochastic differential equation adheres to Brownian motion w(t) (under
risk neutrality) and possesses the important quality in that there exists no
negative interest rates. In addition, Θ, σ and κ remain non-negative via the
Feller condition which will be expanded on in later chapters.
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Subsequent chapters will focus on the application of the CIR process in the
pricing of zero-coupon bonds. Where at maturity a payoff of 1 is returned
which translates to the initial condition of the zero-coupon bond pricing PDE,
see :

∂B
∂t

+
1
2

σ2r
∂2B
∂r2 + (κ(Θ− r)− λσ)

∂B
∂r
− rB = 0. (2.9)

Where λσ = Θ− r and the boundary condition is B(T, T) = 1.

For this thesis 2.9 will be expressed as the following, where a = Θκ and
b = κ:.

∂B
∂t

=
1
2

σ2r
∂2B
∂r2 + (a− br)

∂B
∂r
− rB. (2.10)

Which follows the fundamental bond pricing equation (see Wilmott (2007)
[28, pg.362-63] for the bond pricing PDE derivation) and holds similar form
to general d/c/r equations. which will be discussed further in later chapters.
Similarly to 2.1, the PDE has an exact solution under no-arbitrage arguments
at time t given some expiry time: T (Cox et. al (1985) [8, pg.393]):

B(r, t, T) = a(t, T)e−b(t,T)r,

a(t, T) =

(
2γe(γ+κ)(T−t) 1

2

2γ + (γ + κ)(eγ(T−t) − 1)

) 2κΘ
σ2

,

b(t, T) =
2(eγ(T−t) − 1)

2γ + (γ + κ)(eγ(T−t) − 1)
.

γ =
√

κ2 + 2σ2.

(2.11)

2.4 CIR Bond Sensitivities

When considering the bond market, investors will identify the expected per-
formance of the bond should interest rates change; allowing them to identify
the risks associated with purchasing a bond. In the case of this thesis, the
following sensitivities are expanded upon Duration, Complexity, the expiry
sensitivity, speed of adjustment sensitivity and the volatility sensitivity.

Duration (denoted D) is simply a measurement of a bond’s sensitivity to a
change in the interest rate and is dependent on the bonds term to maturity,
yield and the coupon rate. In the words of Choudhry (2005 [7, pg.32]), "The
average time until receipt of a bond’s cash flows, weighted according to the
present values of these cash flows, measured in years, is known as Duration".
In general, a bond that has a higher calculated Duration will indeed have
greater risks associated with interest rate changes. The bond is said to have
a higher sensitivity in this regard. Duration is known in two forms:

• Macaulay Duration.
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• Modified Duration.

The prior is defined as the weighted average term to maturity of bond cash
flows. The later is the inverse changes in bond prices as a result of small
changes in interest rates. This thesis will focus on the modified definition of
Duration.

An important note is that this thesis uses the zero-coupon bond pricing PDE.
Therefore, no coupon payments over the bonds lifetime result in a Duration
that is equivalent to the bond’s maturity (see Webber and James (2000 [26,
pg.116]) proof). Similar to the Black-Scholes Greeks, the establishment of
the closed-form bond equation 2.11 gives rise to the following closed-form
solution:

D =
∂B
∂r

= −a(t, T)b(t, T)e−b(t,T)r(t). (2.12)

Duration is, by definition, a linear relationship between the change in yield
and the change in bond price. Therefore if the Duration is approximated at
a singular point, then a flaw in Duration is encountered. If there exists any
deviation from that point inaccuracies are introduced, resulting in either over
or under-estimations of the sensitivity

Convexity (denoted C) alleviates this issue by being a second-order measure-
ment on the interest rate risk of a bond. Similarly to Greek Gamma (2.4), it
identifies how quickly a bond price is likely to change given any interest rate
change. It holds the advantage that the error associated with the Duration is
adjusted for by measuring the curvature on the yield curve. Choudhry (2005
[7, pg.44-45]) provides an excellent summary of the bonds price regarding
convexity, where a positive convexity would indicate an increased Duration
and fallen yield. Therefore the bond would subsequently experience a price
increase.

Convexity is, by definition, the second derivative of the bond price with re-
spect to the interest rate. Consider the closed-form solution of convexity:

C = ∂2B
∂r2 = a(t, T)b(t, T)2e−b(t,T)r(t). (2.13)

The remaining sensitivities have little to no current literature. This stems
from the ’usefulness’ of such sensitivities and the difficulty in calculating
them. Beginning with the sensitivity of a bond to its maturity, the following
closed-form solution is calculated by differentiating 2.11 with respect to T
when t = 0:

∂B
∂T

=
∂a(0, T)

∂T
e−b(0,T)r(0) − a(0, T)

∂b(0, T)
∂T

r(0)e−b(0,T)r(0). (2.14)

Where:
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∂a(0,T)
∂T = −

κ Θ 2
2κΘ
σ2 (γ+κ)(γ−κ)(eγT−1)

(
e

κ Θ(γ+κ)T
σ2

)(
γ

(γ+κ)(eγT−1)+2γ

) 2κΘ
σ2

σ2((γ+κ)eγT+γ−κ)
.

∂b(0,T)
∂T = 4γ2eγT

((γ+κ)eγT+γ−κ)2 .

The sensitivity associated with the speed of adjustment (κ) has a closed-form
representation which is as follows:

∂B
∂κ

=
∂a(t, T, κ)

∂κ
e−b(t,T,κ)r(t) − a(t, T, κ)

∂b(t, T, κ)

∂κ
r(t)e−b(t,T,κ)r(t). (2.15)

Where ∂a(t,T,κ)
∂κ and ∂b(t,T,κ)

∂κ are given in Appendix B.

The final sensitivity is the sensitivity of the bond with respect to its volatility.
Consider the following closed-form:

∂B
∂σ

=
∂a(t, T, σ)

∂σ
e−b(t,T,σ)r(t) − a(t, T, σ)

∂b(t, T, σ)

∂σ
r(t)e−b(t,T,σ)r(t). (2.16)

Where ∂a(t,T,σ)
∂σ and ∂b(t,T,σ)

∂σ are given in Appendix B.

A possible explanation for the lack of literature lends itself to the substantial
equations associated with the closed-form solutions, making them extremely
impractical for coding purposes. However, for the sake of consistency, each
of the above closed-forms will be used in later chapters.
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3 PDE Finite Difference Methods

Given the analytical formulae of the Greeks and bond sensitivities, one may
ask if these closed-form solutions can always be found? In short, no. Closed-
form solutions may not exist or be impractical to implement; therefore, finite
difference methods (FDMs) and methods of a similar nature are introduced
to approximate such solutions. The following section applies finite difference
methods to linear one-factor d/c/r equations to price financial derivatives
and instruments.

3.1 Motivation

Consider equation 2.1, the Black-Scholes PDE contains one space variable (S)
and one time variable (t). Given that most d/c/r equations are defined on a
semi-infinite (0 < S < ∞, t > 0) or infinite domain (−∞ < S < ∞, t > 0),
there exists an infinite number of possible solutions. Finite difference meth-
ods restrict this domain to ensure a unique solution exists by imposing con-
straints, classically known as the boundary conditions and the initial condi-
tion. Consider the following types:

• Dirichlet - Solution is identified on the boundary.

• Neumann - Directional Derivatives are given on the boundary.

The remaining types include Robin, Mixed and Cauchy: that are not covered
in this thesis.

Consider the generalised linear one factor d/c/r equation, where the bound-
ary conditions are defined on some bounded domain [A, B] for t ∈ (0, T) ,
where A < B:

− ∂V
∂t + α(x, t) ∂2V

∂x2 + β(x, t) ∂V
∂x + γ(x, t)V = 0, 0 < x < ∞, t > 0

V(x, 0) = f (x), 0 < x < ∞. Initial Condition.

V(A, t) = ζA(t), V(B, t) = ζB(t). Boundary Condition.

It is clear from the above that three unknowns f (x), ζA(t) and ζB(t) exist.
The initial condition is defined based on the PDEs function and is usually
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related to a payoff function such as an option or bond payoff. The bound-
ary conditions require a transformation to a bounded domain [A, B] using
the following methods: Domain Truncation, Domain Transformation (see
Duffy (2009) [11, pg.5-7]), the PDE Conservative Form and Log Transforma-
tion. However, only the truncation and transformation methods are applied
within this thesis.

Domain truncation is defined as transforming the domain of a PDE to that of
a bounded domain (i.e. [A, B]). However, there exists much uncertainty on
how this can be accomplished in the literature. Duffy (2009) [11, pg.4] high-
lights the issue with domain truncation and suggests an alternative method
known as domain transformation.

3.1.1 Domain Transformation

Domain transformation resolves the issues associated with domain trunca-
tion by identifying the far-field boundary condition. Duffy (2009) [11] fo-
cuses on taking the semi-infinite domain and transforming it to that of a unit
interval [0,1]. He additionally introduces five transformations [11, pg.5-6],
however, the following transformation is used throughout this thesis.

y =
x

x + φ
, Where φ is the user defined free-scale factor. (3.1)

Transformation 3.1 is inserted into a one-factor PDE replacing the state vari-
able defined on the semi-infinite domain with a new state variable (y) defined
on the unit interval. The transformed PDE requires an application of Fichera
theory to identify whether new boundary conditions are required in most
cases.

3.1.2 Fichera Theory

Fichera Theory was introduced by G.Fichera in 1960 and was subsequently
developed in 1973 by Radkevic and Olejnik [4, pg.1]. Such theory finds use
in the field of partial differential equations where PDEs degenerate on the
boundary of some (Ω ⊂ Rn) bounded space domain.

Following along the lines of Buckova et.al (2014 [4, pg.2]), Lu (2014 [17,
pg.21]) and Duffy (2009 [11, pg.7-9]) the classical introduction is via the con-
sideration of the second order elliptical equation:

LV =
n

∑
i,j=1

αi,j
∂2V

∂xi∂xj
+

n

∑
i=1

βi
∂V
∂xi

+ γV = f ; x ∈ Ω.
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Given the condition:{
n

∑
i,j=1

ai,jξiξ j ≥ 0, ∀ ξ ∈ Rn

}
= η (3.2)

Consider the bounded domain Ω, let Σ be a piece-wise smooth boundary
such that Ω ∪ Σ. Σ splits into a hyperbolic and parabolic subset. The hyper-
bolic subset corresponds to the case in which 3.2 is equal to zero. Consider
the Fichera function:

F =
n

∑
i=1

(
βi −

n

∑
k=1

∂αi,k

∂xk

)
υi, | η → R. (3.3)

Where υi is the ith directional cosine component of the inner normal vector at
the boundary Ω.

Considering equation 3.3, there exists three subsets of the hyperbolic bound-
ary known as the tangent flow, outflow and inflow [4, pg.2]. Consider:


Σ0 = {F = 0|F (x ∈ Σ)}
Σ+ = {F > 0|F (x ∈ Σ)}.
Σ− = {F < 0|F (x ∈ Σ)}

Radkevic and Olejnik (1973 [20, pg.18]) demonstrated in lemma 1.1.1 that at
the single points of the hyperbolic boundary, the sign of the Fichera function
does not change given smooth non-degenerate changes in the elliptic equa-
tions state variables. Therefore, in practice, Fichera theory can be applied to
some PDE for the application of appropriate boundary conditions if any are
required.

3.1.3 Finite Difference Grid (Mesh)

Upon identifying the initial condition and boundary conditions of the PDE,
discretisation takes place through the introduction of the finite difference
grid (or mesh) with equal time steps between nodes. In the generalised linear
one factor PDE case, the domain/plane of (x, t) is converted into a discretised
set of nodes:

Vn
j = (jh, nk), where: k =

T
N

, h =
B
J

. (3.4)

Such that: j = 1, 2, · · · , J ; n = 1, 2, · · · , N.

The above forms an FDM mesh containing a space and time interval.
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3.2 Crank Nicolson FDM Method

The Crank Nicolson (CN) method is prevalent in the approximation of one-
factor d/c/r equations (e.g. Black-Scholes), reasons stem from its stability
as a second-order scheme and the relative ease of implementing the method
into code.

The advantage of using the CN method becomes apparent by observing the
classic Implicit and Explicit FDMs. The Explicit method has a fundamen-
tal flaw as it must satisfy a stability condition (see Wilmott et.al (1995) [29,
pg.140-42]), otherwise, it does not converge to the exact solution (condition-
ally stable), yet the method requires no tridiagonal matrix solver to approx-
imate derivatives. The fully implicit scheme does not suffer from the insta-
bility issues of the explicit method (unconditionally stable) but requires the
solution of a tridiagonal matrix. Both methods have a truncation error of
order one, making them only first-order accurate.

The CN method is a variation on the fully implicit scheme in which the aver-
age between nodes in the space domain is taken, the method is implicit and
requires the solving of a tridiagonal system, yet is an unconditionally stable
second-order scheme.

3.2.1 Generalised Crank Nicolson

Consider the following generalised derivation of the Crank Nicolson method
for the following linear one factor PDE:

∂V
∂t

= α(x, t)
∂2V
∂x2 + β(x, t)

∂V
∂x

+ γ(x, t)V. (3.5)

Now respectively apply the implicit and explicit methods to 3.5 in order to
obtain the following discretised PDEs (see Wilmott et.al (1995) [29, pg.139-47]
for an explanation on the explicit/implicit methods):

Vn+1
j −Vn

j
k = α(x, t)

(Vn
j+1−2Vn

j +Vn
j−1

h2

)
+ β(x, t)

(Vn
j+1−Vn

j−1
2h

)
+ γ(x, t)Vn

j .

Vn+1
j −Vn

j
k = α(x, t)

(Vn+1
j+1 −2Vn+1

j +Vn+1
j−1

h2

)
+ β(x, t)

(Vn+1
j+1 −Vn+1

j−1
2h

)
+ γ(x, t)Vn+1

j .

The derivation of Crank Nicolson is given by the addition and subsequent
averaging of the above discretisations:

Vn+ 1
2

j =
1
2
(
Vn

j + Vn+1
j

)
.

Therefore:
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1
2

(
2
(Vn+1

j −Vn
j

k

))
= 1

2

(
α(x, t)

(Vn
j+1−2Vn

j +Vn
j−1+Vn+1

j+1 −2Vn+1
j +Vn+1

j−1

h2

))

+ 1
2

(
β(x, t)

(Vn
j+1−Vn

j−1+Vn+1
j+1 −Vn+1

j−1
2h

))

+

(
γ(x, t)

(Vn
j +Vn+1

j
2

))
.

(Vn+1
j −Vn

j
k

)
= α(x, t)

(Vn
j+1−2Vn

j +Vn
j−1+Vn+1

j+1 −2Vn+1
j +Vn+1

j−1

2h2

)
+ β(x, t)

(Vn
j+1−Vn

j−1+Vn+1
j+1 −Vn+1

j−1
4h

)
+ γ(x, t)

(Vn
j +Vn+1

j
2

)
.

Let α = α(x, t); β = β(x, t) and γ = γ(x, t). Moving the known terms on the
right-hand side and multiplying both sides by h2 and k yields:

Vn+1
j−1

(
− αk

2 + βkh
4

)
+ Vn+1

j

(
h2 + αk− γh2k

2

)
+ Vn+1

j+1

(
− αk

2 −
βkh

4

)
=

Vn
j−1

(
αk
2 −

βkh
4

)
+ Vn

j

(
h2 − αk + γh2k

2

)
+ Vn

j+1

(
αk
2 + βkh

4

)
.

The derivation is concluded with the generalised Crank Nicolson method:

aVn+1
j−1 + bVn+1

j + cVn+1
j+1 = dVn+1

j−1 + eVn+1
j + f Vn+1

j+1 ,

a = − αk
2 + βkh

4 , d = αk
2 −

βkh
4 ,

b = h2 + αk− γh2k
2 , e = h2 − αk + γh2k

2 ,

c = − αk
2 −

βkh
4 , f = αk

2 + βkh
4 .

(3.6)

3.2.2 Crank Nicolson Black-Scholes Implementation

Considering the single factor Black-Scholes model 2.1 and the generalised
implementation of the Crank Nicolson method 3.6. The Crank Nicolson
method can be applied by considering the diffusion, convection and reaction
components of the Black-Scholes model and inserting them into α, β and γ
which correspond to:

• Diffusion Term (α): 1
2 σ2S2.
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• Convection Term (β): rS.

• Reaction Term (γ): −r.

Substituting the above terms into 3.6 yields the following representation:

aVn+1
j−1 + bVn+1

j + cVn+1
j+1 = dVn+1

j−1 + eVn+1
j + f Vn+1

j+1 ,

a = −σ2S2k
4 + rSkh

4 , d = −σ2S2k
2 − rSkh

4 ,

b = h2 + σ2S2k
2 − rh2k

2 , e = h2 − σ2S2k
2 − rh2k

2 ,

c = −σ2S2k
4 − rSkh

4 , f = σ2S2k
4 + rSkh

4 .

(3.7)

Which hold under domain truncation for the following:

• Initial Conditions:
Vcall(S, T) = max(S− K, 0); Vput(S, T) = max(K− S, 0).

• Boundary Conditions:
Call Option: V(0, t) = 0; V(S, t) = 3K.
Put Option: V(0, t) = Ke−rt; V(S, t) = 0.

Where the call options far-field boundary condition is a multiple of the op-
tions strike price K (see Duffy (2018) [10, pg.647]).

3.2.3 Crank Nicolson CIR PDE Implementation

Consider the following domain transformation using 3.1 as outlined by Duffy
(2009) where the free scale factor φ is set equal to 1 (see: [17, pg.17-18] for a
full derivation):

y =
r

r + 1
; r =

y
1− y

;
∂y
∂r

= (1− y)2;
∂2y
∂r2 = −2(y− 1)3. (3.8)

Applying the chain rule to obtain the bond price for the first and second
derivatives with respect to the short rate and substituting them into 2.10
yields:
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∂B
∂t

=
1
2

σ2r
∂2B
∂r2 + (a− br)

∂B
∂r
− rB, (3.9)

=
1
2

σ2
( y

1− y

)(
− 2(1− y)3 ∂B

∂y
+ (1− y)4 ∂2B

∂y2

)
+
(

a− b
( y

1− y

))
(1− y)2 ∂B

∂y
−
( y

1− y

)
B,

=
1
2

σ2y(1− y)3 ∂2B
∂y2 + (a(1− y)2 − by(1− y)− σ2y(1− y)2)

∂B
∂y
−
( y

1− y

)
B.

Given the domain transformation, the interval in which the mesh is defined
alters ([17, pg.19]) bringing to attention the existence of the denominator
(1− y) which in consideration of the interval (0, 1) causes issues as 3.9 is un-
defined at this point. A proposition is made to restrict the interval to

[
0, J

J+1

]
which alleviates the issue. In addition to the change of interval, Fichera the-
ory must be applied to 3.9 to obtain the required boundary conditions. Con-
sider the Fichera function in 3.3 and apply it to the transformed PDE:

F =
(

β(y, t)− 1
2

σ2(1− y)3 +
3
2

σ2y(1− y)2))υ(y) (3.10)

Where β(y, t) = (a(1− y)2 − by(1− y)− σ2y(1− y)2).

Note that the direction cosine has two cases which need to be identified:
υ(y = 0) = 1 and υ(y = 1) = −1.

F =
(
0
)
(−1) = 0; No Boundary condition is required at y = 1.

F =
(
a− 1

2
σ2)(1).

Therefore when y = 0, the hyperbolic boundary depends on the following
tangent flow, outflow and inflow subsets:

F = 0 | σ2 = 2a. No Boundary Condition Required.
F > 0 | σ2 > 2a. No Boundary Condition Required.
F < 0 | σ2 < 2a. Boundary Condition Required.

The third case requires a boundary condition. Therefore by letting y = 0 in
3.9 the following first order hyperbolic equation is obtained:

∂B
∂t

= a
∂B
∂y

. (3.11)

Lu (2014) [17, pg.23] implements the Thomée scheme to approximate the
near-field boundary condition; the same method is applied to both the Crank
Nicolson and Alternating Direction Explicit methods. The initial condition
and far-field conditions of the transformed CIR PDE are the following:
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• Initial Conditions:
B(y, T) = 1.

• Far-field Boundary Condition:
B( J

J+1 , t) = 0.

Applying the diffusion, convection and reaction terms in 3.9 to the gener-
alised Crank Nicolson derivation (3.6) yields the implementation where y is
denoted by the steps j (= 1, 2, · · · , J) in the space domain:



aBn+1
j−1 + bBn+1

j + cBn+1
j+1 = dBn

j−1 + eBn
j + f Bn

j+1,

a = −σ2y(1−y)3k
4 + (a(1−y)2−by(1−y)−σ2y(1−y)2)kh

4 ,

b = h2 + 1
2 σ2y(1− y)3k + yh2k

2(1−y) ,

c = −σ2y(1−y)3k
4 − (a(1−y)2−by(1−y)−σ2y(1−y)2)kh

4 ,

d = σ2y(1−y)3k
4 − (a(1−y)2−by(1−y)−σ2y(1−y)2)kh

4 ,

e = h2 − 1
2 σ2y(1− y)3k− yh2k

2(1−y) ,

f = σ2y(1−y)3k
4 + (a(1−y)2−by(1−y)−σ2y(1−y)2)kh

4 .

(3.12)

3.2.4 Thomée Scheme Crank Nicolson

Consider the following application of the Thomée scheme, paralleling with
Lu (2014, [17]):

Bn+1
j+0.5 − Bn

j+0.5

k
= a

Bn+0.5
j+1 − Bn+0.5

j

h
.

Setting λ = ak
h .

Bn+1
j+0.5 − Bn

j+0.5 −
ak
h

(
Bn+0.5

j+1 − Bn+0.5
j

)
= 0.

Bn+1
j+1 + Bn+1

j − Bn
j+1 − Bn

j = λ
(

Bn+1
j+1 + Bn

j+1 − Bn+1
j − Bn

j

)
.

Rearranging such that the known values are on the right-hand side gives:

Bn+1
j (1 + λ) + Bn+1

j+1 (1− λ) = Bn
j (1− λ) + Bn

j+1(1 + λ). (3.13)
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The application into the Crank Nicolson method can be represented by the
following where one additional unknown is included in the system of equa-
tions.

FIGURE 3.1: Implementation of the Thomée Scheme into the
Crank Nicolson method.

3.3 Alternating Direction Explicit

Alternating Direction Explicit (ADE) is a relatively unknown numerical method
first applied to financial computation for non-linear and linear PDEs in 2009
by D. Duffy [11, pg.9-15]. The literature over the past decade has grown,
leading to many variations of the ADE scheme. Variations are based on a
modification of the difference quotient used to approximate the convection
term in d/c/r PDEs.

The method consists of an upward and downward sweep (explicit in nature)
that individually compute the solution at a given node inside a computa-
tional grid. The solution is subsequently averaged out resulting in an ADE
approximation of the node. Buĉková et.al (2010) [13, pg.311] provides an
excellent visual aid to the function of the upward and downward sweep:

FIGURE 3.2: Buĉková’s ADE upward and downward sweep
figure [5, pg.311]

Concerning linear one factor PDEs, it is proven by Ehrhardt et. al (2015) in [5,
pg.314] that the ADE scheme was unconditionally stable. Additionally, this
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thesis focuses on the Barakat and Clark ADE variant given by Duffy (2018)
[10, pg.672] which simultaneously performs a backward and forward sweep.
The advantage lies with the truncation error of O[k2, h2] which comes about
from the sweeping cancellation effect (see Buckova et.al (2015) [5, pg.323])
making the ADE variant a competitor to that of the Crank Nicolson method.

3.3.1 Generalised Alternating Direction Explicit

The proceeding difference quotients give the time derivative, diffusion term
and reaction terms of 3.5:

Upwind Difference Quotients (j = 1, · · · , J − 1):

∂U
∂t =

Un+1
j −Un

j
k ; ∂2U

∂x2 =
Un

j+1−Un
j −Un+1

j +Un+1
j−1

h2 ; U = Un+1
j .

Downwind Difference Quotients (j = J − 1, · · · , 1):

∂D
∂t =

Dn+1
j −Dn

j
k ; ∂2D

∂x2 =
Dn+1

j+1 −Dn+1
j −Dn

j +Dn
j−1

h2 ; D = Dn+1
j .

A range of modified convection difference quotients can be applied within
the derivation, however, for simplicity the classical Towler and Yang (TY)
difference quotients (Towler and Yang, 1978) [24, pg.46] are implemented
(for other difference quotients the reader is referred to: Buckova (2015) [5,
pg.312-313] and Lu (2014) [17, pg.12-13]):

Upwind TY Quotients, Downwind TY Quotients
∂U
∂x =

Un
j+1−Un+1

j−1
2h ; ∂D

∂x =
Dn+1

j+1 −Dn
j−1

2h .

The upwind difference quotients are substituted into 3.5 to yield:

Un+1
j −Un

j
k = α(x, t)

Un
j+1−Un

j −Un+1
j +Un+1

j−1

h2 + β(x, t)
Un

j+1−Un+1
j−1

2h + γ(x, t)Un+1
j .

In the downwind difference case:

Dn+1
j −Dn

j
k = α(x, t)

Dn
j+1−Dn

j −Dn+1
j +Dn+1

j−1

h2 + β(x, t)
Dn

j+1−Dn+1
j−1

2h + γ(x, t)Dn+1
j .
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Taking both cases (dropping notation), multiplying by the time step k and
rearranging such that the known values are on the right-hand side gives:

Un+1
j−1

(
− αK

h2 +
βK
2h

)
+ Un+1

j

(
1 +

αK
h2 − γK

)
= Un

j

(
1− αk

h2

)
+ Un

j+1

(αK
h2 +

βK
2h

)
,

Dn+1
j+1

(
− αK

h2 −
βK
2h

)
+ Dn+1

j

(
1 +

αK
h2 − γK

)
= Dn

j

(
1− αk

h2

)
+ Dn

j−1

(αK
h2 −

βK
2h

)
.

Rearranging the above terms:

Un+1
j

(
1 +

αK
h2 − γK

)
= Un

j

(
1− αk

h2

)
+ Un

j+1

(αK
h2 +

βK
2h

)
+ Un+1

j−1

(αK
h2 −

βK
2h

)
,

Dn+1
j

(
1 +

αK
h2 − γK

)
= Dn

j

(
1− αk

h2

)
+ Dn

j−1

(αK
h2 −

βK
2h

)
+ Dn+1

j+1

(αK
h2 +

βK
2h

)
.

The ADE approximation is thus obtained by averaging out the upwind and
downwind equations:

Vn+1
j =

1
2

(
Un+1

j + Dn+1
j

)
.

3.3.2 B&C ADE Black-Scholes Implementation

The implementation of ADE into Black-Scholes PDE (2.1) follows the same
process as the Crank Nicolson implementation. The diffusion, convection
and reaction terms are substituted into the upwind and downwind equa-
tions, then subsequently averaged resulting in the final solution. For clarity
the upwind and downwind equations containing the Black-Scholes d/c/r
terms are as follows:

Un+1
j = 1

1+ σ2S2k
2h2 +rK

(
Un+1

j−1

(
σ2S2k

2h2 − rSk
2h

)
+ Un

j

(
1− σ2S2k

2h2

)
+ Un

j+1

(
σ2S2k

2h2 + rSk
2h

))
.

Dn+1
j = 1

1+ σ2S2k
2h2 +rK

(
Dn+1

j+1

(
σ2S2k

2h2 + rSk
2h

)
+ Dn

j

(
1− σ2S2k

2h2

)
+ Dn

j−1

(
σ2S2k

2h2 − rSk
2h

))
.
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3.3.3 B&C ADE CIR PDE Implementation

Inputting the terms in 3.9 from the transformed PDE into the ADE generali-
sation results in the following upwind and downwind equations:

Un+1
j = 1

1+ σ2Ky(1−y)3

2h2 +
yK

1−y

(
Un+1

j−1

(
σ2Ky(1−y)3

2h2 − (a(1−y)2−σ2y(1−y)2−by(1−y))K
2h

)
+ Un

j

(
1− σ2Ky(1−y)3

2h2

)
+ Un

j+1

(
σ2Ky(1−y)3

2h2 + (a(1−y)2−σ2y(1−y)2−by(1−y))K
2h

))
.

Dn+1
j = 1

1+ σ2Ky(1−y)3

2h2 +
yK

1−y

(
Dn+1

j+1

(
σ2S2k

2h2 + (a(1−y)2−σ2y(1−y)2−by(1−y))K
2h

)
+ Dn

j

(
1− σ2Ky(1−y)3

2h2

)
+ Dn

j−1

(
σ2Ky(1−y)3

2h2 − (a(1−y)2−σ2y(1−y)2−by(1−y))K
2h

))
.

3.3.4 Thomée Scheme ADE

Using 3.13, the Thomée scheme is implemented into the ADE method by
applying the ADE derivation to the generalised PDE in 3.5 for a bond price
B. The result is the following where the known terms have been moved to
the right-hand side:

Bn+1
0

( α

h2 −
β

2h

)
+ Bn+1

1

(
− 1

h2 −
α

k
+ γ

)
= Bn

1

( α

h2 −
1
k

)
− Bn

2

( β

2h
+

C
2h

)
.

The above form alongside 3.13 form a 2× 2 system which is solved to obtain
the bond prices at j = 0 and j = 1. The bond price Bn+1

0 is then used as an
approximation to the near-field boundary condition during the ADE iterative
process.

3.4 Method of Lines

The Method Of Lines (MOL) scheme is a numerical method that involves the
algebraic approximation of an initial value boundary problem. The gener-
alised d/c/r PDE (3.5) consists of two independent variables x and t, and
the method takes the space variable and converts the PDE to that of a system
of ordinary differential equations (ODEs), in which there exists only one in-
dependent variable. Schiesser et al. (2009) [21, pg.6] defines the method as
a replacement of the spatial derivatives with algebraic approximations such
that PDEs independent variable remains.
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3.4.1 Generalised Method of Lines

The MOL scheme, when applied to 3.5 results in a general framework in
which the d/c/r equations throughout this thesis, can be implemented with
ease. The standard procedure begins by replacing the derivatives in the spa-
tial domain with the following central-difference quotients:

∂V
∂x

=
V(x + h)−V(x− h)

2h
+ O(h2) =

Vn+1 −Vn−1

2h
, n = 1, · · · , N.

∂2V
∂x2 =

V(x + h)− 2V(x) + V(x− h)
h2 + O(h2) =

Vn+1 − 2Vn + Vn−1

h2 .

Note that there is only one independent variable such that the central differ-
ence quotient variables no longer contain a spatial subscript (j). Moreover,
step size h is now defined as the space between each ODE line discretisation.

Substituting the above into the generalised PDE yields the following:

∂Vn

∂t
= α(x, t)

(Vn+1 − 2Vn + Vn−1

h2

)
+ β(x, t)

(Vn+1 −Vn−1

2h

)
+ γ(x, t)Vn.

Rearranging yields:

∂Vn

∂t
= Vn−1

(α(x, t)
h2 − β(x, t)

2h

)
+Vn

(−2α(x, t)
h2 +γ(x, t)

)
+Vn+1

(α(x, t)
h2 +

β(x, t)
2h

)
.

(3.14)

Equation 3.14 corresponds to a system of ODEs that require solving via the
use of an integration scheme. The benefit of this method is the existence of
many open-source ODE integration solvers that make coding the Method
Of Lines scheme easier than other methods such as ADE. The above sys-
tem can be solved using explicit numerical integration, such as the Explicit
Euler method. However, this suffers from instability caused by the CFL-
number rising above some critical value (see Schiesser and Griffiths (2009)
[21, pg.9] for more details) and has a local truncation error of O(h2). This is
often known as the simplest Runge-Kutta method and is not used within this
thesis. Instead, the widely known ODE solver, known as the Runge-Kutta
Dormand-Prince (RKDP) method is implemented.

Runge Kutta Dormand-Prince ODE Method

Unlike the explicit Euler method, the RKDP method is a Runge-Kutta solver
and was developed in 1980 by Dormand and Prince [9]. The method com-
prises of seven stages and uses six-stage functions to generate a fifth and
fourth-order solution (Dormand and Prince (1980) [9, pg.23]). It is known
to have a truncation error of order five, which in comparison to lower-order
Runge-Kutta schemes produce a significant improvement in approximating
ODE solution. This was confirmed in Kimura’s 2009 paper [16, pg.4,6].
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Briefly consider the standard fourth order Runge-Kutta method (see Stoer
and Bulirsch (1993) [23, pg.438]):

Vn+1(t; h) = Vn(t; h) + 1
6

(
k1 + 2k2 + 2k3 + k4

)
, h > 0.

Where: k1 = f (t, V),
k2 = f (t + 0.5h, V + 0.5hk2),
k3 = f (t + 0.5h, V + 0.5hk2),
k4 = f (t + h, V + hk3).

The above was generalised to higher orders [9, pg.19] and gave rise to the
following generalisation:

Vn+1 = Vn + h ∑s
i=1 biki.

Where: ks = f (tn + csh, Vn + h(as,1k1 + as,2k2 + · · ·+ as,s−1ks−1)),

Where: aik is the Runge-Kutta Matrix.
s is the number of stages (k).
{bi}s

i=1, {ci}s
i=2 are the stage weight coefficients.

Such that: j ∈ [1, s], j < i ≤ s.

Dormand and Prince (1980) presented their method via the coefficient table:
Using the Runge-Kutta generalisation and figure 3.3, the difference between

FIGURE 3.3: Dormand-Prince (1980) Method Coefficient Table
[9, pg.23]

the fourth and fifth order Runge-Kutta equations are taken. The result is then
used to obtain an optimised step h which is subsequently used in the next
stage calculation (see Kimura (2009) [16, pg.1-2] for an in-depth example).
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3.4.2 MOL Black-Scholes Implementation

Substituting the Black-Scholes d/c/r terms into equation 3.14 yields the fol-
lowing:

∂Vn
∂t = Vn−1

(
σ2S2

2h2 − rS
2h

)
+ Vn

(
−σ2S2

h2 − r
)
+ Vn+1

(
σ2S2

2h2 + rS
2h

)
.

3.4.3 MOL CIR PDE Implementation

Consider the diffusion, convection and reaction terms of the domain trans-
formed CIR zero-coupon bond price PDE (3.9) and substitute into the gener-
alised Method Of Lines equation.

∂Vn
∂t = Vn−1

(
σ2y(1−y)3

2h2 − a(1−y)2−by(1−y)−σ2y(1−y)2

2h

)
+

Vn

(
−σ2y(1−y)3

h2 − y
1−y

)
+ Vn+1

(
σ2y(1−y)3

2h2 + a(1−y)2−by(1−y)σ2y(1−y)2

2h

)
.



24

4 Sensitivity Approximation
Methods

The introduction of the numerical methods in chapter 3 has the primary use
of approximating bond and option prices. However, this thesis is concerned
with the approximation of sensitivities using the results obtained from the
prior numerical methods. Within this section, each sensitivity approximation
method is introduced and expanded on concerning the Black-Scholes PDE
(2.1) and the CIR zero-coupon pricing PDE (3.9).

4.1 Divided Difference Method

This thesis has partially covered Divided Differences; however, in this case,
the central, forward and backward difference schemes will be implemented
into sensitivity calculations. The foundation of Divided Difference lies with
Taylor series expansion and formation of difference quotients used to ap-
proximate derivatives. The Taylor series gives rise to the truncation errors
that reflect the finite components of the series used in the calculation.

First consider a second-order continuous function denoted f defined on an
interval with step size h > 0. The forward and backward differences are
given by:

f ′(x) =
f (x + h)− f (x)

h
+ O(h); f ′(x) =

f (x)− f (x− h)
h

+ O(h).

These are first order approximations of the derivative (see big’O’notation)
and only require two points for approximation at the cost of a higher discrep-
ancy between the exact and approximated value. The centralised difference
is constructed from the above quotients and is of the form:

f ′(x) =
f (x + h)− f (x− h)

2h
+ O(h2).

Which is a second order approximation and will be used as the primary sen-
sitivity approximation. The final difference quotient is a second order ap-
proximation of the second derivative given by:

f ′′(x) =
f (x + h)− 2 f (x) + f (x− h)

h2 + O(h2).
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The application of the Divided Difference method to the approximation of
sensitivities requires a vector V containing J prices of a financial derivative
(or instrument). The difference quotients can then be represented on the fol-
lowing interval (j = 1, · · · , J − 1) in which the vector is defined. However
this interval shifts when considering the first-order difference such as the for-
ward difference (j = 0, · · · , J − 1) or backward difference (j = 1, · · · , J).

The inherent disadvantage of such method reveals that it suffers from a can-
cellation effect. If the step size (h > 0) is set too low the difference between
f (x + h) and f (x − h) becomes small enough that it reaches machine preci-
sion resulting in a cancellation effect. This issue is common with difference
quotients, and this leads to the question of what step size is required for ac-
curate computation.

Regarding the approximation of option price sensitivities. Each of the first-
order sensitivities denoted V′ are approximated using the central difference
quotient at time step n along the jth interval:

V′ =
Vn

j+1 −Vn
j−1

2h
. (4.1)

The exception is Theta (2.5) (or time related sensitivities) which utilises the
backward difference as time is continuous in a single direction and will not
change:

θ =
Vn

j −Vn
j−1

k
, Where k is the time step. (4.2)

Finally, Gamma uses the second derivative approximation given by the fol-
lowing:

Γ =
Vn

j+1 − 2Vn
j + Vn

j−1

h2 , j = 1 ≤ j ≤ J − 1. (4.3)

Additionally, the sensitivities associated with the price of a zero-coupon bond
are identical to that of the option price sensitivities. Therefore, the implemen-
tation of the Divided Difference into the sensitivity approximations is trivial.

4.2 Cubic Spline Interpolation

Cubic Spline is an interpolatory method used to fit a set of numerical points
with a series of unique cubic polynomials, known as cubic splines, between
each data point. The splines depend on a set of coefficients named moments
(M) that adjust the curve of the spline near its endpoints to produce a smooth
continuous curve that fits the numerical data. The advantage of this method
lies with its avoidance of over-fitting and its ability to create a smooth solu-
tion, unlike standard piece-wise interpolation. Therefore the severe flaw of
interpolatory methods known as Runge’s Phenomenon (as a result of over-
fitting) is avoided.
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A spline is a composite function defined on some interval [A, B] where: A =
x0 < x1 < · · · < xn = B, made of n low order polynomials (in this case 3rd
order) for :

S(x) =



S0(x), x0 ≤ x ≤ x1,
...
Si−1(x), xi−1 ≤ x ≤ xi
...
Sn−1(x), xn−1 ≤ x ≤ xn.

(4.4)

Subject to the following continuity constraint in that each consecutive poly-
nomial must join at each interval ti:

Si−1(x) = Si(x), for: i = 1, 2, · · · , n− 1.

In addition to the smoothness constraint in which for some degree k the
derivative of each low order polynomial must be the same at each interval
ti:

Sk
i−1(xi) = Sk

i (xi), for: i = 1, 2, · · · , n− 1.

Applying a cubic spline to the above (4.4) yields the following:

S(x) =



S0(x) = a0x3 + b0x2 + c0x + d0, x0 ≤ x ≤ x1,
...
Si−1(x) = ai−1x3 + bi−1x2 + ci−1x + di−1, xi−1 ≤ x ≤ xi
...
Sn−1(x),= an−1x3 + bn−1x2 + cn−1x + dn−1 xn−1 ≤ x ≤ xn.

(4.5)
Given the following constraints where the spline is a second order continu-
ous function:

S(x) =


Si−1(x) = Si(x),
S′i−1(x) = S′i(x)
S′′i−1(x) = S′′i (x).

There exists a set of cubic spline variations, however, for the purpose of this
thesis, the natural cubic spline will be used in which the following holds:
S′′(x0) = S′′(xn) = 0.

Proofs from Stoer and Bulirsch (1993) [23, pg.99] can be observed that result
in the coefficient expressions of a, b, c and d leading to the following cubic
spline equation, where yi ∈ R for i = 0, 1, · · · , n− 1:

Si(y, x) =
( hi

hi+1 + hi

)
Mi−1 + 2Mi +

( hi+1

hi+1 + hi

)
Mi+1

=
6

hi+1 + hi

(yi+1 − yi

hi+1
− yi − yi−1

hi

)
.



Chapter 4. Sensitivity Approximation Methods 27

Let bi =
1
hi

(
yi+1 − yi

)
and bi =

1
hi

(
yi − yi−1

)
to obtain:

Si(y, x) =
( hi

hi+1 − hi

)
Mi−1 + 2Mi +

( hi+1

hi+1 − hi

)
Mi+1 =

6
(
bi+1 − bi

)
hi+1 + hi

= di.

(4.6)

Let hi
hi+1−hi

= ν, hi+1
hi+1−hi

= ξ and apply the Natural Cubic spline to obtain the
following n× n matrix, giving rise to the following:


2 0
ν1 2 ξ1

ν2
. . . . . .
. . . . . . ξn−1

0 2




M0
M1

...

...
Mn

 = 6


0
d1
...

dn−1
0


The above system is solved using a tridiagonal matrix solver to obtain the
moments (M) used to adjust the spline. Upon using moment solving meth-
ods such as the Thomas algorithm, the calculated moments are then imple-
mented into the following spline functions (a derivation of the formulae can
be found in Stoer and Bulirsch’s (1993) paper [23, pp. 97-100]):

S(y, x) = Mj
(xi+1−x)3

6hi+1
+ Mi+1

(x−xi)
3

6hi+1
+ Aj(x− xi) + Bi.

Where: Aj =
yi+1−yi

hj+1
+

hj+1
6 (Mj+1 −Mj),

Bj = yj −Mj
h2

j+1
6 .

Where the first and second derivatives used to calculate sensitivities is given
by:

S′(y, x) = −Mj

(
(xj+1−x)2

2hj+1

)
+ Mj+1

(
(x−xj)

2

2hj+1

)
+

yj+1−yj
hj+1

− hj+1(Mj+1−Mj)
6 .

S′′(y, x) = Mj

(
xj+1−x

hj+1

)
+ Mj+1

(
x−xj
hj+1

)
.

The above cubic spline derivatives are used for calculating the option and
bond sensitivities by supplying a vector of prices and defining the interval in
which the cubic spline algorithm can be applied.
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4.3 Complex Step Method

The Complex Step Method (CSM) is a relatively unknown way of approx-
imating sensitivities of analytical functions. In recent years, the benefits of
such a method have become known and implemented in fields such as Bi-
ology and Geophysical analysis. In chapter 4.1, the Divided Difference was
commented on in regards to its main disadvantage: the cancellation effect,
where a function evaluated at two consecutive points along an interval is
subtracted at an extremely short time step h. The resulting differences be-
come smaller than machine precision resulting in a subsequent cancellation.
Squire and Trapp (1998) [22, pg.110-111] discussed this effect and showed
that when a function is approximated and is analytical, the approximation
can be carried out using a complex number where the imaginary component
is evaluated to produce an approximation. The result is an approximation
with no subtraction operator, in turn removing any cancellation effect for
smaller step sizes. This was further supported through the Taylor series ex-
pansion about a point α0 of some arbitrary function f :

f (α0 + ih) = f (α0) + ih f ′(α0)−
h2

2!
f ′′(α0)−

ih3

3!
f ′′′(α0) + · · ·

Taking the imaginary part or the real part then rearranging leads to the re-
spective derivative approximations:

f (α0) =
Im( f (α0 + ih)

h
+O(h2); f ′′(α0) =

2( f (α0)− Re( f (α0 + ih))
h

+O(h2).

The second derivative provides a limitation of the method in that it is real, so
no imaginary parts are included. However, Abreu (2013) in [1] generalised
the CSM and introduced a complex step where ih = h + iv. Assuming that if
v =
√

3h, the derivative approximation becomes a 4th order approximation
and contains only imaginary components:

f ′(x) = Im( f (α+h+iv))+Im( f (α+iv))
2v + O(h, v2)

f ′′(x) = Im( f (α+h+iv))−Im( f (α+iv))
hv + O(h, v2)

The above method can be applied to the analytical Black-Scholes and CIR
zero-coupon bond equations to calculate sensitivities as an alternative to cal-
culating the closed form solution. Due to the simplicity of the Black-Scholes
closed form this may not be a better alternative; yet the large CIR closed form
sensitivity equations in Appendix B would make the CSM a viable alterna-
tive.
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4.4 Forward Automatic Differentiation

Forward Automatic Differentiation (AD) is another method applied to this
thesis. Similar to Complex-Step Method, AD is relatively new in comparison
to finite difference methods, with the ability to calculate high order deriva-
tives and gradients without a large computational overhead. Unlike finite
difference methods, AD does not suffer from subtractive cancellation and in-
stability issues when dealing with differencing (similar to the complex step
method).

However, unlike FDM, the method suffers significantly from its difficulty to
implement into coding languages such as C++ or MATLAB. In reference to
C++, AD was only recently implemented through the use of ’Template Meta-
programming’ which in short compiles source code via templates at com-
pile time (see Meyers (2005) [18, pg.233]). The issue is that template meta-
programming is complicated and hard to implement, resulting in relatively
low adoption of the method to that of the classical methods. Despite the
present issues of the method, there exists a range of C++ Automatic Differ-
entiation libraries that reduce the difficulty of code implementation.

Byrne and Greenwell (2017) [6] give an intuitive explanation of how AD dif-
fers from finite-difference and symbolic differentiation. They explain that
"AD uses the same programmatic logic dictated by code except it propagates
along the gradient information via standard properties such as the chain
rule". Template meta-programming is applied explicitly for this action of
propagating gradients.

Forward Automatic Differentiation relates to the forward propagation of deriva-
tive information, while Backwards Automatic Differentiation is concerning
the backwards propagation of derivatives. The concept is intuitive when con-
sidering a simple multi-variable function that requires differentiation. The
following function will be separated into its elementary/primitive functions
and then into its subsequent input variables. Consider the following:

FIGURE 4.1: Automatic Differentiation Simplistic Example
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f (x, y) = tan(x)sin(y) +
x
y

.

Figure 4.1 is a visual representation of simple Automatic Differentiation ap-
plied to the above function. The derivative of f (x, y) with respect to x is
calculated using the following procedure:

Let Dw = dw
dx ,

Dw1 = Dx = 1,
Dw2 = Dy = 0,
Dw3 = D tan(w1) = sec2(w1)Dw1 = sec2(w1),
Dw4 = D sin(w2) = cos(w2)Dw2 = 0,
Dw5 = D(w3w4) = w3Dw4 + w4Dw3 = w4 sec2(w1),

Dw6 = D
(w1

w2

)
= w1Dw2−w2Dw1

w2
2

= 1
w2

,

Dw7 = D(w5 + w6) = Dw5 + Dw6 = w4 sec2(w1) +
1

w2
.

Substituting w4, w2 and w1 into Dw7 yields the derivative:

∂

∂x
f (x, y) = sin(y) sec2(x) +

1
y

.

The advantage of using AD is that for a function f (x) one may wish to calcu-
late the value of the function and its derivative at a specific point. AD starts
to share similarities with the Complex-Step Method but with dual numbers
instead of complex numbers. By using dual numbers, AD calculates both
the value of some function f () and f ′() within the same calculation (hence
Automatic Differentiation).

4.4.1 Dual Numbers

As a brief introduction, first consider a complex number where i is an imag-
inary number and satisfies the following property: i2 = −1. Dual numbers
are extremely similar to complex numbers with the caveat that the letter ep-
silon is used (ε) and satisfies the following property: ε2 = 0. In both dual
and complex space (note: dual numbers are an extension of the real number
space), elementary operations will result in a real and dual number compo-
nent. Consider the second example:

f (x, y) = xy + sin(x), Find f (2, 2) and f ′(2, 2) :

Introduce the following dual numbers: x = (2 + ε1) and y = (2 + ε2).

f (2 + ε1, 2 + ε2) = (2 + ε1)(2 + ε2) + sin(2 + ε1),
= 4 + 2ε1 + 2ε2 + 0 + sin(2 + ε1),
= 4 + 2ε1 + 2ε2 + sin(2) + ε1 cos(2),
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= (4 + sin(2)) + ε1(2 + cos(2)) + 2ε2.

The above equation corresponds to f (2, 2), f ′x(2, 2) and f ′y(2, 2) :

f (2, 2) = 4 + sin(2), f ′x(2, 2) = 2 + cos(2), f ′y(2, 2) = 2.

4.5 Continuous Sensitivity Equation (CSE)

This thesis hopes to introduce and test a method of calculating sensitivities
via the continuous sensitivity equation using the literature from previous sec-
tions. This section will introduce a variety of sensitivity equations (alongside
their derivations) for both the Black-Scholes PDE and the CIR zero-coupon
bond PDE.

Before any derivations take place, the CSE method varies to that of the pre-
vious methods as it works in a ’backward’ sense. Previous methods first re-
quire a bond pricing numerical method such as the Crank Nicolson method
(see Chapter 3.2.1); from there a secondary method approximates the sen-
sitivity. The CSE is a PDE of an option’s sensitivity and only requires one
method such as those described in chapter 3 to approximate the respective
sensitivity.

The main disadvantage is that the resulting PDEs can be challenging to code
regarding its boundary conditions and initial conditions. In addition, inho-
mogeneous terms (source terms) may exist which require the computation of
the financial instrument prices that must be calculated first before approxi-
mating the CSE. This could potentially increase computational time, reduce
the accuracy of the sensitivity approximation and introduce multiple solu-
tions. The remaining section will cover the CSEs associated with the CIR
zero-coupon bond pricing PDE and the Black-Scholes PDE.

Consider the general d/c/r partial differential equation:

∂V(x, t)
∂t

= α(x, t)
∂2V(x, t)

∂x2 + β(x, t)
∂V(x, t)

∂x
− γ(x, t)V(x, t).

First take the derivative with respect to some sensitivity x of the above PDE:

∂

∂x

(∂V(x, t)
∂t

)
=

∂

∂x

(
α(x, t)

∂2V(x, t)
∂x2 + β(x, t)

∂V(x, t)
∂x

+ γ(x, t)V(x, t)
)

.

Dropping the variable notation from the d/c/r components and applying the
chain rule:

∂2V
∂t∂x

=
∂α

∂x
∂2V
∂x2 + α

∂3V
∂x3 +

∂β

∂x
∂V
∂x

+ β
∂2V
∂x2 +

∂γ

∂x
V + γ

∂V
∂x

.
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Introduce the following substitution ∂V
∂x = X.

∂X
∂t

=
∂α

∂x
∂X
∂x

+ α
∂2X
∂x2 +

∂β

∂x
X + β

∂X
∂x

+
∂γ

∂x
V + γX.

Rearranging results in the CSE for some sensitivity x of the general d/c/r
equation.

∂X
∂t

= α
∂2X
∂x2 +

(
β +

∂α

∂x

)∂X
∂x

+
(

γ +
∂β

∂x

)
X +

∂γ

∂x
V. (4.7)

It can be immediately observed that differentiating the generalised PDE by x
leads to a CSE containing a source term. Despite this the equation remains
in the form of the d/c/r equation when the source term is taken to the right
hand-side of the equality.

The following set of CSE equations will contain all derivations within Ap-
pendix C. Additionally, the CSEs associated with Greek Theta and time un-
til expiry will be missing from the following derivations due to its abstract
nature and difficulty in coding since time is, by definition, an independent
variable. However, this could be a topic for further research.

4.5.1 Black-Scholes Continuous Sensitivity Equations

The famous Black-Scholes PDE is given again:

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV, Where: V = V(S, t). (4.8)

Delta CSE

Following the order of chapter 2.2 the Delta sensitivity is obtained by differ-
entiating 4.8 with respect to the underlying S to obtain:

∂∆
∂t

=
1
2

σ2S2 ∂2∆
∂S2 + (σ2 + r)S

∂∆
∂S

. (4.9)

The CSE requires its own set of boundary and initial conditions. By definition
the Delta of a call option has a maximum value of 100% or 1.0 and a minimum
value of 0. Put options are the opposite and range from -1.0 to 0. With this
information the boundary conditions are set:

∆call(0, t) = 0, ∆call(Smax, t) = 1.

Concerning the initial condition, the option payoff of the Black-Scholes PDE
is differentiated with respect to S, resulting in the following Heaviside step
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function. Consider the call option case:

Vcall(S, T) =

{
S− K, if S > K.
0, if S < K.

∆call(S, T) =

{
1, if S > K.
0, if S < K.

Where K is the strike price of the option.

Since the CSE 4.9 contains no source terms and has simple boundary condi-
tions, it is relatively straight forward to obtain and requires little mathemati-
cal derivation.

Gamma CSE

As previously stated, Gamma is the derivative of Delta. Therefore, the CSE
is derived from once again differentiating Delta by the underlying yielding
the following CSE (see Appendix C):

∂Γ
∂t

=
1
2

σ2S2 ∂2Γ
∂S2 +

(
2σ2S + rS

)∂Γ
∂S

+ (σ2 + r)Γ. (4.10)

The boundary conditions of Gamma are the same for both (longed) call and
put options in that Gamma will remain positive. It describes the rate of
change of Delta, which is commonly given in percentages. Based on this,
the boundary conditions are as follows:

∆call(0, t) = 0, ∆call(Smax, t) = 1.

The initial condition is obtained by taking the derivative of the Heaviside
function with respect to the underlying. The resulting derivative is the well
known Dirac delta function which requires approximation (see Walden (1999)
[25]).

However, for this thesis, a somewhat crude analytical approximation of the
function is introduced beginning with the following logistic function: a smooth
approximation of the Heaviside function:

∆(S, T) = H(S− K) ≈ 1
1 + e−λ(S−K)

.
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Where λ is the steepness of the logistical curve and K is the options strike
price. Differentiating the above equation with respect to (S− K) yields:

Γ(S, T) =
∂H(S− K)
∂(S− K)

= δ(S− K) ≈ 2λe−2λ(S−K)

(e−2λ(S−K) + 1)2
.

The potential downside of the above initial condition is that it is a derivative
of an approximation. This may reduce the computational accuracy of the
results obtained when approximating sensitivities and will be commented
on within the code implementation and results in chapters 5-6.

Vega CSE

Vega is obtained by differentiating the Black-Scholes PDE with respect to its
volatility parameter (σ):

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV + σS2 ∂2V

∂S2 . (4.11)

The issues associated with the Vega CSE stem from its initial condition and
boundary conditions. Unlike the previous CSEs, volatility is not a parameter
used within the payoff function of the Black-Scholes PDE. Therefore differ-
entiating it with respect to σ results in:

V(S, T) = 0.

Moreover, Vega is always positive for put and call options making the near-
field boundary condition equal to zero. Moreover, the far-field boundary
condition can be deduced either through a truncated or transformed domain.
In a non-general sense, a similar option would be analysed, and the highest
recorded Vega would be taken and multiplied by some user-defined constant
to obtain the far-field boundary. However, domain transformation would be
a suitable solution for this issue.

Appendix C.3 contains the derivation for both the domain transformed Black-
Scholes PDE and subsequent domain transformations of the Vega and Rho
CSE. Consider the transformed Vega CSE:

∂V
∂t

=
1
2

σ2y2(1− y)2 ∂2V
∂y2 +

(
ry(1− y)− σ2y2(1− y)

)∂V
∂y
− rV (4.12)

+ σy2(1− y)2 ∂2V
∂y2 − 2σy2(1− y)

∂V
∂y

.

The transformation of the Vega CSE has bounded the spatial interval to being
that of a unit interval, removing the issue of choosing a far-field boundary via
domain truncation. Setting y = 0 or 1 in the transformed Vega CSE yields the
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following ordinary differential equation:

∂V
∂t

+ rV = 0→ V = Cert.

Given that Vega decreases when the option approaches expiry at time T the
issue consists of Vega not becoming zero at expiry, but under the generalised
case it may be considered logical as Vega is always positive. The initial con-
dition is therefore set to 0 at expiry, resulting in the following boundary con-
ditions:

V(0, t) = 0, V(1, t) = 0.

In addition it is worth noting that even under domain transformation the
initial condition of the Vega CSE remains the same.

Rho CSE

Option Greek Rho follows the same case as the Vega CSE. The standard
Black-Scholes PDE is differentiated with respect to its interest rate (r) result-
ing in the following CSE equation:

∂ρ

∂t
=

1
2

σ2S2 ∂2ρ

∂S2 + rS
∂ρ

∂S
− rρ + S

∂V
∂S
−V.

Rho, however, is not always positive. For European put options, Rho is neg-
ative, and for European call options, Rho is always positive. For this reason,
the boundary conditions will change depending on the type of option; yet
suffer from the question of, what are the boundary conditions of the CSE. In
the case of the call option (vice-versa), Rho will steadily decrease as the op-
tion approaches expiry. Therefore the near-field boundary can be set to 0, as
for the call option case Rho must be positive. The far-field boundary can be
obtained by intuition in a non-general case, but for the generalised case, the
spatial domain of the CSE will be transformed into that of a unit interval.

Consider the transformed Rho CSE:

∂ρ

∂t
=

1
2

σ2y2(1− y)2 ∂2ρ

∂y2 +
(

ry(1− y)− σ2y2(1− y)
)∂ρ

∂y
− rρ−V + y(1− y)

∂V
∂y

.

Setting the transformed variable y to zero or one yields:

∂ρ

∂t
+ rρ = −V, → ρ =

C−Vt
1 + rt

. (4.13)

Assuming ρ is 0 at expiry yields the following near/far field boundary con-
ditions under domain transformation:

ρcall/put(0, t) = ρcall/put(1, t) =
Vt

1 + rt
, Where V is the bond price.
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The initial condition is thus given by: ρ(y, T) = 0. The issue of what initial
condition is required is a possible topic of research. Although 0 has been
used in both the cases of the Rho and Vega CSEs, the value of Rho and Vega
may never reach zero as maturity approaches. Chapter 6 uses the Rho CSE to
investigate the effect of different Rho values at expiry under the assumption
that Rho is decreasing.

4.5.2 Cox-Ingersoll-Ross Continuous Sensitivity Equations

As expanded in previous chapters, the CIR zero-coupon bond pricing PDE is
given under a transformed domain. However, for consistency, the standard
CIR PDE is given by:

∂B
∂t

=
1
2

σ2r
∂2B
∂r2 + (a− br)

∂B
∂r
− rB.

Each CSE will be presented using the above CIR PDE and then subsequently
undergo domain transformation (full derivations of the CSEs are given in
Appendix C.2). Lastly, a section is dedicated to the issues around the CSE
boundary conditions and initial conditions.

Duration CSE

Similar to the Greek Delta CSE, the Duration CSE is obtained by differen-
tiating the CIR PDE with its dependent variable, i.e. the interest rate. The
following CSE is obtained:

∂D
∂t

=
1
2

σ2r
∂2D
∂r2 +

(1
2

σ2 + a− br
)∂D

∂r
− (r + b)D − B. (4.14)

Applying domain transformation to the CSE yields:

∂D
∂t

=
1
2

σ2y(1− y)3 ∂2D
∂y2 +

((1
2
− y
)

σ2 + a− by
1− y

)
(1− y)2 ∂D

∂y
(4.15)

−
( y

1− y
+ b
)
D − B.

Convexity CSE

Differentiating C.2 by the interest rate results in the following CSE for the
convexity sensitivity:

∂C
∂t

=
1
2

σ2r
∂2C
∂r2 + (σ2 + a− br)

∂C
∂r
− (2b + r)C − 2

∂B
∂r

.
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Consider the domain transformation identities:

∂C
∂r

= (1− y)2 ∂C
∂y

,
∂2C
∂r2 = −2(1− y)3 ∂C

∂y
+ (1− y)4 ∂2C

∂y2 .

Applying the transformations to the Convexity CSE yields:

∂C
∂t

=
1
2

σ2y(1− y)3 ∂2C
∂y2 + (σ2(1− y)3 + a(1− y)2 − by(1− y))

∂C
∂y

(4.16)

−
(

2b +
y

1− y

)
C − 2(1− y)2 ∂B

∂y
.

Speed of Adjustment CSE

The CSE associated to the Speed of Adjustment sensitivity (b/κ) is given by
the following:

∂K
∂t

=
1
2

σ2y(1− y)3 ∂2K
∂y2 + (a(1− y)2 − by(1− y)− σ2y(1− y)2)

∂K
∂y

(4.17)

−
( y

1− y

)
K− y(1− y)

∂B
∂y

.

Volatility CSE

Differentiating the CIR zero-coupon bond pricing PDE by its volatility and
applying domain transformation yields the following CSE:

∂V
∂t

=
1
2

σ2y(1− y)3 ∂2V
∂y2 + (a(1− y)2 − by(1− y)− σ2y(1− y)2)

∂V
∂y

(4.18)

−
( y

1− y

)
V − 2yσ(1− y)2 ∂B

∂y
+ σy(1− y)3 ∂2B

∂y2 .

4.5.3 Boundary Conditions: Further Research Opportunity?

In this section, Fichera theory is applied to the CSEs introduced in chapter
4.5.2 with a discussion on possible implementations into code and solutions
to the questions posed in this section.

Duration CSE

For reference, the Fichera function is:

F =
n

∑
i=1

(
βi −

n

∑
k=1

∂αi,k

∂xk

)
υi, | η → R.
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The Fichera function requires the diffusion and convection terms in 4.15 to
yield:

F (y) =
((1

2
− y
)

σ2(1− y)2 +
(

a−
( by

1− y

))
(1− y)2 − 1

2
σ2(1− y)3 +

3
2

σ2y(1− y)2
)

υ(y),

=
(1

2
σ2(1− y)2 +

1
2

σ2y(1− y)2 + a(1− y)2 − by(1− y)− 1
2

σ2(1− y)3
)

υ(y),

=
(

a−
( by

1− y

))
(1− y)2υ(y).

Consider the case at the near-field boundary where υ(0) = 1.

F (0) = a.

Therefore:

F (0) ≥ 0, a ≥ 0. No boundary conditions required.
F (0) < 0, a < 0. Boundary conditions required.

Setting y = 0 in 4.15 yields the near-field condition:

∂D
∂t

=
(1

2
σ2 + a

)∂D
∂y
− bD − B.

Convexity CSE

Substituting the diffusion and convection terms of 4.16 into the Fichera func-
tion yields:

F (0) =
(

σ2(1− y)3 + a(1− y)2 − by(1− y)− 1
2

σ2(1− y)3 +
3
2

σ2y(1− y)2
)

υ(y),

=
(1

2
σ2(1− y)3 +

(
a +

3
2

y
)
(1− y)2 − by(1− y)

)
υ(y).

Consider the near-field boundary case where: υ(0) = 1.

F (0) =
(1

2
σ2 + a

)
.

The following cases are obtained:

F (0) ≥ 0, σ2 ≥ −2a. no boundary conditions required.

F (0) < 0, σ2 < −2a. boundary conditions required.
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Concerning the far-field boundary i.e. when υ(1) = −1, it is found that
F (1) = 0. Therefore no boundary conditions are required, despite the trans-
formed domain. Now setting y = 0, gives the following near-field boundary
condition:

∂C
∂t

= (σ2 + a)
∂C
∂y
− 2

∂B
∂y
− 2bC.

Speed of Adjustment CSE

Following the same procedure, the Fichera function is:

F (y) =
(

a(1− y)2− by(1− y)−σ2y(1− y)2− 1
2

σ2(1− y)3 +
3
2

σ2y(1− y)2
)

υ(y).

Focusing on the near-field boundary such that υ(0) = 1, yields:

F (0) =
(

a− 1
2

σ2
)

.

Resulting in the following cases that are identical to the CIR PDE boundary
conditions:

F (0) ≥ 0, σ ≤
√

2a. No boundary conditions required.

F (0) < 0, σ >
√

2a. Boundary conditions required.

Additionally, the far-field boundary case where υ(1) = −1 shows that no
boundary conditions are required. Concerning the near-field condition, when
setting y = 0, the boundary condition is:

∂K
∂t

= a
∂K
∂y
−→ ∂K

∂t
− a

∂K
∂y

= 0.

which is identical to the CIR boundary condition which can thus be solved
using the Thomée scheme.

Volatility CSE

A application of Fichera theory is to the Volatility CSE (4.18):

F (y) =
(

a(1− y)2− by(1− y)−σ2y(1− y)2− 1
2

σ2(1− y)3 +
3
2

σ2y(1− y)2
)

υ(y).
(4.19)

Consider the near-field boundary case with the following condition υ(0) = 1:

F (0) =
(

a− 1
2

σ2
)

.
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Which yields the same boundary condition requirement as the CIR PDE and
SoA CSE. Therefore:

F (0) ≥ 0, σ ≤
√

2a. no boundary conditions required.

F (0) < 0, σ >
√

2a. boundary conditions required.

Setting y = 0 in 4.18 leads to the following boundary conditions:

∂V
∂t

= a
∂V
∂y
−→ ∂V

∂t
− a

∂V
∂y

= 0.

Possible Issues...

Within this section multiple near-field boundary conditions have been ob-
tained alongside their need for implementation when the Fichera condition
is not satisfied (F (0) < 0). The issue arises when analysing the PDEs and
noticing that for the sensitivity PDEs the inhomogeneous term is that of a
Bond price B. Therefore if the Fichera condition is satisfied (F (0) ≥ 0),
the presence of the inhomogeneous term means that it does not guarantee
uniqueness of the solution. The requirement of two sets of boundary condi-
tions to solve for the inhomogeneous term and the sensitivity will result in
more than one solution as the choice of boundary condition will significantly
affect the approximation (see results table 6.14).

A further area of research presents itself where before applying any numer-
ical method, it needs to be proven that the sensitivity equations are well-
posed, and thus possess a unique solution in the cases of it satisfying and
not satisfying the Fichera condition. The ramification of these equations not
being well-posed include the introduction of errors of a large magnitude
when applying standard numerical techniques. Therefore any approxima-
tion made without taking into account the possibility of multiple solutions
will result in sub-par results effectively making the CSE approach unsuitable.
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5 Code Implementation

Each of the methods covered in chapters 3 and 4 will be expanded on in this
section regarding their implementation into code. It is worth noting that the
implementation of such methods requires additional packages in the case of
C++, which will be referenced throughout this section.

The following section will focus on the design of the code with much of the
inspiration taken from [10], which shall be referenced accordingly. The later
section will focus on the implementation of numerical methods covered in
chapter 3 and the final section on the individual sensitivity calculation meth-
ods.

5.1 C++ Code Design

C++ is considered a low-level language and is essentially an iteration of the
C coding language with the implementation of object orientation and low-
level memory manipulation. The advantage of this language ranges from its
versatility and applicability in many applications as it has no dependencies,
unlike Java which uses interpreters.

Such a low-level language requires more attention in the areas of coding de-
sign, memory management and re-usability, which can be an inherent issue
for novice coders. Gamma et al. (1995) [12] introduce a set of design pat-
tern which aims to make code reusable, resulting in code with low coupling
and higher cohesion. Within this thesis, the code implemented within C++
makes use of a bridge pattern that has the following definition (Gamma et al,
1995))[12, pg.19]:

The decoupling of an abstraction from its implementation so that the code can inde-
pendently vary.

The bridge pattern is implemented to allow a separation between the def-
inition of the hierarchies containing the information relating to the initial
boundary value problem (IBVP) and the methods used to solve the IBVP
and approximate the respective sensitivities. Duffy (2018) incorporated the
same implementation of the bridge design alongside the factory and tem-
plate method [10, pg.673-74]. The same implementation is followed, and
’abused’ to incorporate the methods covered in previous chapters. Consider
the following simplified coding diagram:
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FIGURE 5.1: C++ Code Structure Diagram.

The above structure provides a simplistic representation of the classes which
form the code. Three bridge pattern implementations exist within this code.
Consider the OneFactorIBvp abstract base class, that contains a set of pure
virtual functions that are overridden by the methods incorporated in the PDE
classes; this is directly passed into the IBvp class via a pointer. IBvp obtains
access to the methods in an instantiated PDE class through the OneFactorIBvp
pointer. In addition, the IBvp class constructor takes in spatial and time axis
intervals via a Range template class (Not shown in 5.4). This section of code
is considered as the definer portion of the code:

FIGURE 5.2: C++ IBvp Class cpp file.

The second bridge implementation is between IBvp and the IBvpSolver base
class which is responsible for the creation of the finite difference mesh and
the subsequent calculation of (in this instance) option prices. IBvpSolver takes
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in a pointer to the IBvp class providing the base class with access to the FDM
axis information and the d/c/r equation methods.

The third bridge implementation is between IBvp and the MethodOfLines class.
Such a design is required for the Boost library integrate function that utilises
the RKDP ODE method to integrate a system of ordinary differential equa-
tions (see 3.4.1). The function requires a set of inputs that make it incom-
patible with the IBvpSolver base class forcing many of the inputs such as,
mesh creation and calculation inside an overloaded operator. Therefore, to
incorporate this method into the code requires a secondary bridge proceed-
ing from the IBvp class. This section of the code is regarded as the solver
portion.

The definer portion of the code will now be expanded on.

5.1.1 C++ Definer Code Section

FIGURE 5.3: C++ Instantiation Flowchart.

Figure 5.3 provides the order in which classes are instantiated within the
code written for this thesis. Only extracts of such code will be taken and
expanded upon to provide a general idea on how the code functions. The
Black-Scholes PDE will be used to expand on the classes given in 5.3, starting
with the option class.

Option Class

The class Option is responsible for collecting user input and contain the nec-
essary parameters to price either an option, in this case, or a bond in another
instance.
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FIGURE 5.4: C++ Option Class hpp file.
Figure 5.4 is a simple class that contains the parameters of an option with the
inclusion of a Target and type value. These are specifically implemented to
identify specific values that have been approximated and whether the option
is a European Put or Call option. An instance of the Option class is created
with the subsequent user input of parameter values.

PDE Classes

Proceeding the option class instantiation comes the instantiation of a PDE
object. Using the Black-Scholes PDE as an example in figure 5.5, Option is
passed by reference to the PdeBlackScholes giving the class access to required
option parameters. Each of the methods within PdeBlackScholes is inherited
from the OneFactorIBvp class denoted ’OFI’ and remains constant such that
no modification of the option class parameters can be made.

Classes that hold information on a specific PDE/CSE contain four sets of
boundary conditions and two sets of initial conditions. As discussed in 4.5,
many of the CSEs contain source (inhomogeneous) terms that require a set
of either option or bond prices to calculate the sensitivity. Therefore, during
the calculation of sensitivities, the associated bond/option price needs to be
calculated in parallel, which requires its own boundary conditions and initial
condition.

The set of classes contain diffusion, convection and reaction methods which
define the PDE. Using the Diffusion method (line 43) as an example, the
method will return the following diffusion term of the Black-Scholes equa-
tion:

1
2

σ2S2.
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As each of the PDEs/CSEs covered within this thesis are d/c/r equations,
the implementation of the OneFactorIBvp abstract base class becomes useful
as multiple PDE class inclusion files with small changes do not need to be in-
cluded in the IBvp class despite having minor changes to each d/c/r method.

FIGURE 5.5: C++ Black-Scholes Class hpp file.

Before the IBvp class object is instantiated, two instances of the ’Range’ tem-
plate class needs to be defined for both the spatial and time interval. As the
Range class contains the interval of the truncated (or transformed) domain,
passing them into the IBvp class provides it with the necessary information
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of the PDE and the bounded domain in which it is constrained too.

Initial Boundary Value Problem Class

Figure 5.2 has been expanded upon concerning the bridge design of the code.
However, as a class, it is a cumulation of information that contains the param-
eters required to construct a finite-difference mesh and call any PDE meth-
ods. This is accomplished by passing the OneFactorIBvp pointer and the range
template classes (by reference) into the class constructor. Then, via the bridge
design pattern if the IBvp class is passed to another class, so are all the definer
section methods from the PDE and Range classes.

5.1.2 C++ Solver Code Section

The solver section of the C++ code consists of passing the IBvp class and final
set of mesh information (the number of spatial/time steps) into a numerical
method and thus calculate the solution of the PDE in question as shown in
5.3. Notably, this section of code follows from an implementation in Duffy’s
(2018) book [10, pg.680-85].

Firstly, consider the IBvpSolver class header file extract:

FIGURE 5.6: C++ IBvpSolver hpp file.

The extract contains all the methods used within the IBvpSolver class file and
demonstrates the bridge pattern design through the inclusion of the IBvp
class pointer that has been passed into the class. Methods such as initMesh
(line 17) and initIC (line 18) are called upon initialisation via the constructor,
and this creates the finite difference mesh and vector required to compute the
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solution. IBvpSolver contains the virtual function calculate which is overrid-
den by the numerical methods through inheritance. The numerical method
classes that inherit from IBvpSolver gain access to protected/public methods
and variables within the class, providing access to methods from the definer
section of the code.

Consider the Crank Nicolson header file extract in figure 5.7. Line 31 con-
tains the constructor that takes in a pointer to the IBvp class and the number
of steps for both the spatial and time domains. The constructor’s main func-
tion (within the cpp file) is the instantiation of the IBvpSolver class in which
the IBvp class is passed alongside the number of steps associated with each
domain.

FIGURE 5.7: C++ Crank Nicolson Method hpp file.

Through the creation of a Crank Nicolson class object, an instance of the IB-
vpSolver class is created via its constructor (fig D.1, line 15) resulting in a
full FDM mesh without any further user defined code. Finally the virtual
method result(.) is called by the user to obtain the approximation to the PDE.
Consider the following option pricing example:
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FIGURE 5.8: C++ Option Pricing Example.

5.2 C++ Numerical Method Implementation

The following section will provide details on the function of each numeri-
cal method using the classic Black-Scholes PDE to explain such procedures.
Firstly, the calculation section of the IBvpSolver class will be expanded on.

FIGURE 5.9: C++ IBvp Results Method.

Upon calling the results method in IBvpSolver (via inheritance), it utilises a
set of solution vectors and mesh parameters created upon initialisation. The
method effectively iterates along the user-defined time interval at a specified
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step (k) given by tarr.size(). The loop iterates until it reaches its expiry. Within
the loop, calculate() is activated, calling the calculate methods in either the
Crank Nicolson or ADE class. calculate then iterates along the spatial inter-
val for each time step and approximates the solution of an option/bond or
sensitivity (via CSE).

Upon approximating the solution at a given time step, a vector denoted vec-
New is assigned the values associated with the specific time step approxima-
tion. This vector is copied via the iterative method which is based on Duffy’s
implementation of FDM schemes in C++ (see Duffy (2019) [10, pg.682]) how-
ever, has two modifications allowing the IBvpSolver class to deal with the
calculation of the Theta sensitivity (line 99) and PDEs containing inhomoge-
neous terms (line 104).

Line 99 contains ThetaResultHold and alleviates one of the issues associated
with calculating time-related sensitivities via Divided Difference and the Cu-
bic Spline method. As time is forward moving and an independent variable,
the approximations of a specific target (i.e. Theta for an underlying price of
60) needs to be captured instead of all possible spatial interval values (figure
5.10 provides a visual representation). The resulting vector can then be anal-
ysed to obtain an approximation of the theta sensitivity without the cost of
storing a large vector full of unused values.

Line 104 lastly contains the inhomogeneous source term solution vectors in-
homogOld and inhomogNew. These vectors are initialised when an instance
of the IBvp class is created, and the boundary conditions / initial condition
are applied to the vector. They operate in the same manner as vecOld and
vecNew because, after each spatial iteration, the approximation values are
stored and passed to the ’old’ vector for use in the next iteration. After all,
time iterations are complete vecNew is returned containing the option, bond
or sensitivity approximation values.

FIGURE 5.10: ThetaResultHold Vector Process.
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5.2.1 C++ Crank Nicolson

The Crank Nicolson extract in figure 5.7 will now be expanded upon. Apart
from its function, the layout of the method is identical to the ADE class, con-
sider the following code extract (the full code is given in Appendix D.1):

FIGURE 5.11: Crank Nicolson calculate method.

The above extract of the calculate method immediately draws similarities to
3.7 and 3.12 as each implementation was made under the intent of keeping



Chapter 5. Code Implementation 51

the class applicable for any d/c/r equation. Calling calculate() results in the
following actions:

• The identification of any possible source (inhomogeneous) terms (line
129).

• The application of the Crank Nicolson Method (3.2.2).

• Definition, calculation and implementation of the boundary conditions.

• The application of the Double Sweep tridiagonal solver (see Duffy (2018)
[10, pg.396]).

Beginning with the first action, the implementation of an IF statement is to
prevent unnecessary calculations. If the Inhomog term located in the PDE
class of a d/c/r equation is not equal to zero, then a secondary spatial loop
will begin that iterates on an FDM mesh using the boundary conditions/initial
condition of the source term. In the case of a Black-Scholes CSE, the loop
would approximate the option price in parallel with the approximation of
the sensitivity.

The second action involves standard Crank Nicolson iteration that imple-
ments the algorithm from chapter 3.2 to approximate the bond price with the
addition of the source term that was calculated in parallel (line 159). The
third action involves the determination of the near-field boundary condi-
tion that depends on the PDE signature. This specifies whether the Thomée
scheme is required in the algorithm to approximate the boundary condition
PDE as described in 3.2.3.

The section of code involving the Thomée method implements itself by merely
implementing the box quotient terms (1 + λ) and (1 − λ) into the Crank
Nicolson matrix resulting in one additional unknown term in the solution
vector of the equation system. However, in order to maintain compatibility
with the double sweep tridiagonal solver, a 2x2 matrix is first solved to cal-
culate the boundary conditions which is implemented into the tridiagonal
solver in the final action of the method (see figure 5.12).
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FIGURE 5.12: Implementation of the Thomée Scheme into the
Crank Nicolson Class.

Note that the above method is implemented into C++ for compatibility pur-
poses. The application of the Thomée method is implemented into MATLAB
and only requires the built-in inverse ’backslash’ command which although
is basic, provides a small enough computation time to make it a much more
feasible solution than the above. See Appendix E.1 for the full Crank Nicol-
son MATLAB code that is specific to solving the CIR zero-coupon bond pric-
ing PDE.

5.2.2 C++ ADE Implementation

Following a close layout with figure 5.11, figure 5.13 uses the same code to
identify the requirement of a source term and thus calculate the option/bond
price in parallel with the CSE approximation. The difference within this
method stems from the requirement of two loops to calculate the upwind
and downwind sweeps. These work in parallel in opposite directions along
the spatial axis. Lastly, on line 222, a loop is used to average the upward
and downward vectors where the approximation is stored in vecNew. Aside
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from calculate(), the ADE class bears a close resemblance to the previously ex-
panded Crank Nicolson class. In addition to the ADE C++ implementation,
the full code has been developed within MATLAB with an alternative CN
implementation ([17]) and is given in E.2.

FIGURE 5.13: Alternating Direction Explicit calculate method.



Chapter 5. Code Implementation 54

5.2.3 C++ Method Of Lines Implementation

Section 5.1 alluded to a separation of the Method Of Lines scheme that does
not inherit from the IBvpSolver class but requires a secondary ’bridge’ im-
plementation from the IBvp class. The reasons for such a design will be ex-
panded upon within this subsection.

Boost is an open source library that adds additional functionality to C++
whilst working in conjunction with the STL library (see Ahnert and Mulan-
sky (2015) [2]). The Method Of Lines scheme uses Odeint integrate functions
[2] where the RKDP method is utilised (3.4.1). Consider the syntax of the
boost function:

integrate( stepper , system , x0 , t0 , t1 , dt , observer )

The above parameters of the function carry out the following:

Stepper : Defines how the integration process is to be carried out.
System : Implements the system of ODEs and calculates the time

derivative of each ODE.
x0 : Initial Condition.
t0, t1 : Initial and Final times for the integration process.
dt : Time Step.
Observer : Called at every time step and prints the current approximation.

The above boost function takes in a system variable that contains the neces-
sary steps to discretise a PDE into a system of ODEs as explained in 3.4.1.
The stepper can take in simple functions that return ODEs such as:

∂x
∂t

= −2x.

However, to solve d/c/r equations, functors are required (i.e classes/structs
that ’act’ like functions). Consider the Method Of Lines C++ declaration ex-
tract in figure 5.14 (full code is located in Appendix D.2).
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FIGURE 5.14: Method Of Lines header file.

As the Method Of Lines scheme reduces the PDE to a system of ODEs, a
finite-difference mesh no longer needs to be constructed. Instead, the number
of steps in the spatial and time directions need to be defined that are used in
the integration process. As with the previous methods, the code is designed
to calculate d/c/r equations that contain inhomogeneous source terms. For
that reason, two operator overloads are implemented in lines 46 and 48. Each
overload varies by its input as a standard application of the scheme requires
only a vector to approximate a solution. However, the inclusion of a source
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term implies that two approximations need to be calculated in parallel lead-
ing to the requirement of the uBLAS matrix (another feature of the boost
library) that is compatible with the integrate function. Despite being inde-
pendent of IBvpSolver, the class shares a near-identical InhomogTerm method
used to supply correct inhomogeneous components to the discretised PDE
depending the signature of the PDE.

The limitation of using the boost library is that it is difficult to implement into
a specific code design without sufficient knowledge of the boost library and
careful planning. This is clear since the MethodOfLines class is only a com-
ponent of the final calculation (i.e the system). The additional components
are defined in the main.cpp section of code within the following function that
performs the approximation:

FIGURE 5.15: Method Of Lines main.cpp function.

Upon inspection, the function requires an input of the MethodOfLines class
passed through where the PDE is identified as having either a source term or
not. Depending on the type of PDE, the vector or matrix overload is passed
into integrate with an initial vector constructed in the MethodOfLines class,
and its time integration parameters. An additional limitation reveals the dif-
ficulty of implementing methods such as the Thomée scheme without inter-
fering with the strict nature of the Odeint integration functions.

5.3 C++ Implementation: Approximation Methods

Before proceeding with the C++ implementation of the approximation meth-
ods used to calculate sensitivities, it is worth noting that the previous meth-
ods from 5.2 are solely used to approximate the sensitivities of the CSE equa-
tions (4.5). Therefore, the approximation of sensitivities using CSEs will not
be covered further in this chapter.
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5.3.1 Divided Difference

The implementation of the Divided difference method into C++ is a relatively
straight forward process. 5.16 presents the procedure of using the Divided
Difference.

FIGURE 5.16: A Simplified diagram to explain the procedure of
calculating Divided Difference sensitivity approximation.

Due to the simplistic nature of Divided Difference and the minimal code re-
quired to compute such approximation. The function code implemented into
main.cpp is located in figure 5.17. Line 427 is the function definition and re-
quires the inputs of a target (i.e the sensitivity of an option with an under-
lying of £60); a vector xtarr, the mesh created in IBvpSolver or MethodOfLines
and lastly, the solution vector returned from the approximation methods dis-
cussed in 5.2.

The function code is designed to calculate both first and second-order ap-
proximations of sensitivities where a Cubic Spline object is instantiated to ob-
tain specific approximations (via interpolation) based upon the user-defined
target. As alluded too in figure 5.10, the calculation of time-related sensi-
tivities, such as Theta requires special treatment given the awkward nature
of approximating the sensitivity relating to the independent variable. Line
482-493 accomplishes such an approximation using the backwards-difference
quotient as the direction of time is known. Upon performing the Divided
Difference calculation, the Cubic Spline interpolation is used to return an ap-
proximation of the sensitivity.
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FIGURE 5.17: Divided Difference main.cpp function.

5.3.2 Cubic Spline Interpolation

The implementation of the Cubic Spline interpolation method follows a close
resemblance to the implementation of the Divided Difference:
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FIGURE 5.18: Cubic Spline main.cpp function.

Figure 5.18 contains a function used to calculate the sensitivity of a d/c/r
PDE via the use of the CubicSplineInterpolation class. This applies the formu-
lae presented in chapter 4.2 to obtain approximations of the first and second
derivative (the reader is referred to Duffy (2018) [10, pg.418-20]). The above
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function contains three cases of cubic spline interpolation, the first and sec-
ond derivative use the standard reduced spatial axis interval to obtain an in-
terpolated function. However, the final case approximates Theta (time sensi-
tivities) via the uses of an extended time domain which was created to avoid
the oscillations associated with the ’endpoints’ of the interpolated function.

The range adjustment brought about a limitation of calculating time-related
sensitivities as it requires a secondary adjusted range PDE object. As a re-
sult, several issues are apparent, such as the identification of the target sen-
sitivity (e.g. Theta for an underlying price of £60) given the change in the
domain of the PDE. The solution is to multiply the range by a factor of 1.2
and adjust the parameters accordingly. Finally, as a matter of preference, the
time-sensitivity approximation is represented as a negative number to indi-
cate time decay.

5.3.3 Forward Automatic Differentiation

Forward Automatic Differentiation is implemented through the use of Pul-
vers (2019) autodiff library [19], which takes advantage of the Boost open
source library. Within this thesis, two classes are created to implement the
Forward AD method, one for the Black-Scholes option price and the second
for the CIR bond price which will be expanded on (full Black-Scholes code is
given in Appendix D.3).

Figure 5.19 contains two main components: the template boost method and
the calculation method. The calculation method begins by creating a tuple of
four maximum derivative variables equal to their sensitivity values (Line 19).
As this thesis is interested in calculating Convexity, the second derivative of
the interest rate, the associated variable is given the value of two.

Lines 21-24 assign the tuple values to their associated variable names pro-
ducing a compatible form for Forward AD. Lines 47-60 contain the template
method which performs the Forward AD calculation (using the autodiff.hpp
file). Similarly to the make_ftuple method, promote requires the tuple of sensi-
tivity variables and the closed-form solution of the bond price. Upon creating
the template the .derivative function performs Forward AD depending on the
tuple value given. Consider line 39, Convexity is calculated by inputting a tu-
ple value of 2, informing the derivative method that the second derivative of
the bond pricing formula concerning the interest rate needs to be calculated.

The advantage of the method comes from its ease of implementation. It al-
ludes too in 4.4 that the low adoption of the method is due to the difficulty in
coding. However, the implementation of FAD, for thesis shows a relatively
straight forward code given the use of external AD libraries.
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FIGURE 5.19: C++ CIR Forward AD Header File
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5.3.4 Complex Step Method

The Complex Step Methods implementation in the C++ code is considered
awkward due to the requirement of templates that have many variations of
the same equation. Consider the case of pricing a CIR zero-coupon bond; the
C++ CIR template is given in figure 5.20 and holds a case for each of the four
sensitivities covered within this thesis. Depending on the order of sensitivity
required, the bond pricing function is altered to allow for the insertion of a
complex number into the area that requires analysis. For example, if Dura-
tion is to be calculated, a complex number is inserted into all locations where
there exists the interest rate variable. Therefore when the imaginary part of
the difference is taken, it will be with respect to the interest rate variable,
yielding an approximation.

A visible limitation is the bulk of code required to account for each sensitiv-
ity. After the creation of the CIR bond pricing template function, the sen-
sitivities are calculated via the set of function given in figure 5.21. In each
sensitivity approximation, the template is called, taking in a complex num-
ber containing a step and initial value alongside the sensitivities associated
enum. Despite the clunky nature of the code, the amount required to obtain a
sensitivity approximation is little compared to other implementations. A fu-
ture area of work would be to implement the process more straightforwardly,
possibly through the use of template programming.

Lastly, attention needs to be drawn to the issue of applying the method to the
Black-Scholes closed-form solution. The existence of a Gauss error function
makes coding the CSM difficult as the standard library erf() is not extended
to the complex plane. Therefore, the Faddeva open-source C++ wrapper is
required as it provides the necessary complex functions to calculate the com-
plex error function.
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FIGURE 5.20: Complex Step Method main.cpp CIR template
function.
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FIGURE 5.21: Complex Step Method main.cpp CIR sensitivity
functions.
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6 Coding Results

This chapter focuses on the results obtained from the methods covered within
this thesis. First consider the parameter values used for each approximation:

Option Parameter Values:

Underlying: S = 60 (Target).
Interest Rate: r = 0.08.
Time to Expiry: T = 0.25.
Strike Price: K = 65.
Volatility: σ = 0.3.

Zero Coupon Bond Parameter Values:

Interest Rate: r = 0.08 (Target).
Speed Of Adjustment: b (κ) = 0.08.
Maturity Time: T = 0.25.
Mean: Θ = 0.6.
Volatility: σ = 0.4.
a: Θκ = 0.048.

6.1 Closed Form Solutions

Applying the closed form equation in chapter 2 yields the following results
for European Options and CIR zero-coupon bonds:

Option Prices:
Put Option: 5.846285626870 Call Option: 2.133371861931

Sensitivities:
Put Delta: 0.627517137751 Call Delta: 0.372482862249
Put Gamma: 0.042042755754 Call Gamma: 0.042042755754
Put Theta: 3.331141320761 Call Theta: 8.428174421956
Put Vega: 11.351544053522 Call Vega: 11.351544053522
Put Rho: -10.874328472975 Call Rho: 5.053899968259
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CIR Bond:
Zero-coupon Bond Price: 0.978966810291096

Sensitivities:
Duration: -0.241911478036699
Convexity: 0.059778495645321
Maturity: 0.087893036824247
Volatility: 1.653066503747697e-04
SoA: 0.002527984560075

6.2 Forward AD, CSM & Closed Form Solutions

The similarities of both Forward Automatic Differentiation and the Complex-
Step Method bodes the question regarding which one of the methods is better
suited to approximate the sensitivities presented within this paper.

Consider the following results from both Forward Automatic Differentiation
and the Complex Step Method for the calculation of option and bond price
sensitivities:

TABLE 6.4: Black-Scholes Sensitivity FAD and CSM Results
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TABLE 6.5: CIR Bond Sensitivity FAD and CSM Results

Both tables 6.4 and 6.5 produce results that closely match the closed-form
sensitivity values, demonstrating the effectiveness of both the Forward AD
and CSM method. Each result contains the absolute error, and in each case,
results exist that are identical to the exact sensitivity value.

Table 6.4 contains two sets of less accurate sensitivity approximations for
both Theta and Vega. A possible solution to increase the accuracy of these
sensitivity calculations would be to implement higher-order approximations
given in [1]. Through Excel comparisons, it was found that the Complex-
Step Method produced more accurate results at a precision higher than 12
decimal places making it a recommended method in the case of the Black-
Scholes model. However, the CIR model Duration, Expiry and SoA sen-
sitivities favoured the CSM with the remaining sensitivities favouring the
Forward AD method. Overall, the CSM marginally produced more accurate
results than the Forward AD method making it the recommended method in
the case of this thesis.

6.3 Black-Scholes Numerical Method Approxima-
tions

6.3.1 Black-Scholes Option Price

As alluded to in previous methods, the sensitivity calculations require two
steps: the approximation of the option price and the subsequent approxi-
mation of the option price sensitivities. It is intuitive that a low quality (i.e.
inaccurate) option/bond result will result in a poor approximation of the
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sensitivity; therefore, an analysis of the bond price approximations must first
take place.

Consider table 6.6 containing a set of put option prices calculated using the
Crank Nicolson, Alternating Direction Explicit and Method of Lines scheme.
The results vary by the interval in which the spatial and time domain has
been separated. Through a comparison of the absolute errors it is clear that a
change in the time interval does not affect the MOL approximation which is
intuitive, thus escalating the number of spatial steps increases the accuracy
of the approximation and subsequently reduces the absolute error. For this
reason, the MOL produces the ’best’ approximation at 1000 time and spatial
steps.

Despite this, table 6.6 contains a set of interesting results concerning the per-
formance of the Crank Nicolson and Alternating Direction Explicit in relation
to the increase of the number of spatial and time steps. The Crank Nicolson
method obtains its most accurate approximation of the put option price when
J = 100 and N = 200; an unexpected result and perhaps an anomaly in the
data. ADE behaves in an expected manner by obtaining its most accurate
approximation when J = 500 and N = 1000. Neither the CN or ADE meth-
ods achieve their most accurate approximations at 1000 spatial/time steps.
A reasonable explanation is when the roundoff error of the computer begins
to dominate, and an additional increase in the number of spatial steps will
no longer improve the approximation but negatively impact it.

A final comparison in 6.6 between the approximations at each step increment
shows that the ADE/MOL produce the most accurate results, each yielding
the best result six times. The CN method only obtains the best result four
times, making it the worst-performing method within this particular set of
data.
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TABLE 6.6: Put Option Price Approximations

6.3.2 Divided Difference Sensitivity Approximation

The following section introduces the approximations obtained from the Di-
vided Difference Method using the ADE, CN and MOL schemes. As ex-
plained in section 4.1, the limitation of using Divided Difference is that all
parameters which are not explicitly defined in the FDM mesh, parameters
such as σ and r, are challenging to approximate and do not produce use-
ful results due to the inherent inaccuracies. Therefore, only the sensitivities
related to the state variable and time will only be covered within this section.

6.7 contains a table of sensitivity results and a secondary table of absolute
errors for each approximation. The limitations associated with the integrate
boost library prevented the approximation of Theta sensitivity using the Method
Of Lines scheme. A possible remedy would be to use the observer operator
overload methods, but incorporating the same method of extracting approx-
imations for a specific underlying yielded unusable results.
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TABLE 6.7: Divided Difference Sensitivity Approximations

Each of the time/spatial step count increments yielded an improvement on
the accuracy of the approximations; the Method Of Lines scheme benefited
the most from more time/spatial steps. At 1000 spatial/time steps, the ADE
method produced the least accurate results in comparison to the CN and
MOL scheme.

The approximations of Theta resulted in a higher absolute error compared
to the errors of other sensitivity approximations. Possible explanations stem
from the extraction of the result within IBvpSolver and the additional possi-
bility of the approximation not working well when multiple approximations
are taken along the spatial axis at each time step.

6.3.3 Cubic Spline Sensitivity Approximation

As the Divided Difference and Cubic Spline are carried out similarly, the ap-
proximation of Theta suffers from the same issue associated with the Method
Of Lines scheme, and for this reason, no Theta approximations were ob-
tained.

The results obtained from the Cubic Spline yielded near identical approxima-
tions in comparison to 6.7, with exceptions coming from the Theta sensitivity
results. It is clear that variations in the results arise from the differences in
option price approximations as identified in 6.3.1, it can be determined that
the quality of approximations yielded from both methods are equally accu-
rate for this set of data.
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TABLE 6.8: Cubic Spline Sensitivity Approximations

6.3.4 Continuous Sensitivity Equations

The approximation of the Greeks using CSEs faces many challenges, one of
which is the determination of the boundary conditions and whether such
solutions are unique within the truncated/transformed domain. The follow-
ing results are obtained using the assumptions presented in section 4.5 and
produce varying results which can often be explained by choice of boundary
conditions and initial conditions applied to the CSEs.

Table 6.9 contains a set of results obtained at varying spatial/time step counts
beginning at 1000 and ending at 2000. Each CSE is approximated using the
Crank Nicolson, Alternating Direction Explicit and Method Of Lines scheme
with their associated absolute errors in table 6.9. An immediate observation
of the results is that an increase in the number of steps does not significantly
improve the accuracy of the approximation; in some cases, the absolute error
tends to climb as in Delta CSE ADE at 2000N/J.

A secondary observation from 6.9 reveals the absolute errors associated with
the Vega and Rho CSEs are much larger compared to the absolute errors of
the Delta and Gamma CSE. A logical explanation is that a source term intro-
duces additional inaccuracies into the approximation and thus inhibits any
further improvement.
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TABLE 6.9: Greek CSE Approximations

A further insight into the behaviour of the CSE equation approximations can
be obtained by varying the number of spatial/time steps by an increment of
25 steps up until N/J = 2000 (80× 25). The following figures present the
approximations separately for each sensitivity:

TABLE 6.10: Delta CSE Plot
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TABLE 6.11: Gamma CSE Plot

TABLE 6.12: Vega CSE Plot
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TABLE 6.13: Rho CSE Plot

Figures 6.10, 6.12 and 6.13 display similar oscillatory behaviour where at
low spatial/time step counts the approximation begins to revert towards the
mean. At around 975 spatial/time steps (39) the approximation begins to
smooth off with little observable variation, thus indicating a minimum num-
ber of steps required to obtain a sensible approximation. Figure 6.10 contin-
ues to oscillate at high step counts which may be the result of the Delta CSE
containing no reaction term and the Heaviside function representing the ini-
tial condition of the CSE.

Both figures 6.11 and 6.12 demonstrate the importance of correct boundary
condition approximations. The Gamma CSE uses an approximation of the
Dirac delta function where the user sets the steepness parameter (λ); the ad-
dition of any user-defined parameter can lead to significant loses in the ac-
curacy of the approximation and render the CSE impractical. Similarly, the
boundary conditions of Vega are based on the assumptions of it decreasing
to zero at expiry and is therefore used as an initial condition. As previously
discussed in 4.5, Vega may never in practice, be zero and requires further
research to determine the exact boundary conditions.

The final figure 6.13 demonstrates the results of the CSE through a trial and
error approach where the initial condition has been varied to obtain a suit-
able approximation. Figure 6.14 demonstrates the effect of different initial
conditions on the Crank Nicolson approximation of Rho.

Under the assumption that Rho decreases, the initial condition used in 4.13
varied around zero, beginning at ρ = 0.04 and ending at ρ = −0.04 (at option
expiry) with the exact put option bond price V fixed at 5.846285626870. The
exact solution line demonstrates the importance of selecting the correct initial
condition since Rho is negative concerning a put option; the initial condition
would also be negative, which is supported by the results.
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Figure 6.14 supports the idea that increasing the number of spatial/time
steps requires an optimal initial condition closer to zero. Therefore it could be
hypothesised that an initial condition of zero (as assumed in the Vega CSE)
would yield optimal approximations with a higher number of spatial/steps.

TABLE 6.14: Rho CSE Approximations with varied initial con-
ditions

6.4 Cox-Ingersoll-Ross Numerical Approximations

The CIR zero-coupon bond pricing PDE posed a challenge in obtaining suit-
able approximations to the sensitivities presented within this thesis. Imple-
mentations into both C++ and MATLAB were carried out with MATLAB
producing acceptable Bond pricing approximations. Therefore the follow-
ing bond price approximations are obtained using the Alternating Direction
Explicit and Crank Nicolson MATLAB implementations (full code is in ap-
pendix E):

FIGURE 6.1: CIR bond price results table
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The results show that the Crank Nicolson method produces the most accurate
results with smaller absolute errors for each case. The substantial differences
between the ADE and CN methods potentially arise from the different imple-
mentations of the Thomee method that chapter 3 introduces to approximate
the CIR boundary condition PDE. Such differences in the approximation of
the boundary conditions may lead to further variations in the results.

FIGURE 6.2: CIR bond price approximations

Figure 6.2 Demonstrates the behaviour of the approximations by beginning
at a unit approximation and decreasing steadily until reaching a bond price
approximation of 0. The figures show that as a bond approaches maturity, it
will steadily decrease in value. This is intuitive as the price of the bond and
its payoff are negatively correlated. It is also clear that the approximation



Chapter 6. Coding Results 77

is obtained almost instantly, even at a lower time/spatial step count. This
directly connects with the nature of the zero-coupon bond as the bond price
will be close to its payoff at t = 0.

If the lifetime of a zero-coupon bond is observed up until maturity, the high-
est price of the bond will be at time t = 0. The subsequent bond price will
be close if not equivalent to its payoff at maturity. The issue of using zero-
coupon bonds to approximate sensitivities arises from the lack of variation in
the approximation of the bond price. This is shown through the approxima-
tion of the Duration and Convexity sensitivities using the Divided Difference
method, consider the following:

FIGURE 6.3: CIR Divided Difference Duration approximations

Figure 6.3 contains the approximations of the Duration sensitivity using the
Crank Nicolson and Alternating Direction Explicit methods for varying spa-
tial and time steps. The dark green line represents the exact value of the Du-
ration sensitivity, and by observation, it is clear that from the initial estimate,
the Divided Difference method has over-approximated the value. Despite
implementation into C++ and MATLAB, the explanation stems from the lack
of variation in the first set of bond price approximations such that the appli-
cation of any central difference scheme results in an immediate overshooting.
This was found to be an inherent issue with zero-coupon bond prices with
a similar result coming from the Convexity sensitivity approximation using
the same approximation method.
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FIGURE 6.4: CIR Divided Difference Convexity approximations

Figure 6.4 shows that the Divided Difference underestimates the sensitivity
as highlighted by the exact (black line) Convexity value. Subsequent meth-
ods that implement FDM grids can be expected to behave similarly. A rem-
edy would be to approximate the sensitivity of Bond options which hold
similarities to the Black-Scholes approximation methodology. Therefore the
issues associated with the zero-coupon bond will be negated as the initial ap-
proximations will not be similar to the payoff the bond at maturity but the
payoff of the option at expiry.

This was further tested by implementing the CIR Volatility continuous sensi-
tivity equation as a proof of concept. The CSE closely resembles the standard
CIR bond approximation PDE with an identical boundary PDE and d/c/r
terms with the addition of an inhomogeneous source term component.
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FIGURE 6.5: CIR ADE Volatility CSE approximations

Given the exact value of the volatility sensitivity in 6.1, the results obtained
from the approximations are entirely off and resemble the bond price approx-
imations in figure 6.2. Once again, the results are affected by two possible
issues — first, the existence of multiple solutions which result in the poor
estimate. Or secondly, the problems where the application of central differ-
encing (either second or first-order) will result in poor approximations due
to the lack of variations in the bond price at around time t = 0.



80

A Option Greek Derivations

The derivation of the option Greeks stem from the introduction of the analyti-
cal solution of the Black-Scholes PDE (2.2). The following closed form Greeks
are provided in Espen Haug’s (2009) book on Option Pricing Formulas [15].

Consider the following identities:

Gaussian CDF: N (x) = 1√
2π

∫ x
−∞ e(

−z2
2 )dz,

Gaussian PDF: n(x) = 1√
2π

e
−x2

2 ,

CDF Derivative: ∂N (x)
∂η = n(x) ∂x

∂η .

Consider the components d1 and d2 of 2.2. Time for d2
2 must be calculated by

the following:

d2
2 = (d1 − σ

√
T)(d1 − σ

√
T) = d2

1 − 2d1σ
√

T + σ2T

= d2
1 − 2

(
ln S

K+(r+ σ2
2 )T

σ
√

T

)
σ
√

T + σ2T = d2
1 − 2 ln S

K − 2rT − σ2T + σ2T

= d2
1 − 2 ln

(
SerT

K

)
.

Now consider the normal PDF with respect to d2:

n(d2) = 1√
2π

e
−d2

2
2 = 1√

2π
e
− 1

2

(
d2

1−2 ln
(

SerT
K

))
= n(d1)

S
K erT.

The closed form Greeks can now be derived longhand.

A.1 Greek Delta

Differentiating 2.2 with respect to the underlying S yields:

∂C
∂S = N (d1) + S ∂N (d1)

∂S − Ke−rT ∂N (d2)
∂S
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= N (d1) + S ∂N (d1)
∂d1

∂d1
∂S − Ke−rT ∂N (d2)

∂d2

∂d2
∂S

= N (d1) + Sn(d1)
∂d1
∂S − Ke−rTn(d2)

∂d2
∂S

= N (d1) + Sn(d1)
∂d1
∂S − Ke−rTn(d1)

SerT

K
∂d2
∂S

= N d1 + Sn(d1)
∂d1
∂S − Sn(d1)

∂d2
∂S .

Now evaluate the derivative of d1 and d2 with respect to the underlying:

∂d1

∂S
=

∂

∂S

(
ln
(

S
K

)
+ (r + σ2

2 )T

σ
√

T

)
=

1
S

1
σ
√

T
=

∂d2

∂S
.

Moving attention back to the call price derivative:

∂C
∂S

= N (d1) + Sn(d1)
(∂d1

∂S
− ∂d2

∂S

)
= N (d1) > 0.

The following closed form solution is obtained for Greek Delta (Haug, 2009)
[15, pg.21]:

∆call = ∂C
∂S = N (d1) > 0.

∆Put = ∂P
∂S = N (d1)− 1 > 0.

A.2 Greek Gamma

Since Gamma is the second derivative of the analytical Black-Scholes solution
(2.2) with respect to the underlying S. The closed form solution of Gamma is
obtained by simply differentiating Greek Delta again with respect to S.

∂2C
∂S2 = ∂N (d1)

∂S = n(d1)
∂d1
∂S .

Differentiating d1 with respect to S yields the following:

∂2C
∂S2 = n(d1)

1
Sσ
√

T
> 0.

The following closed form solution is obtained for Greek Gamma (Haug,
2009 [15, pg.38]):

Γcall = Γput = 1
Sσ
√

2πT
e
−d2

1
2 > 0.
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A.3 Greek Rho

Differentiate 2.2 with respect to the risk free interest rate r:

∂C
∂r = S ∂N (d1)

∂r + TKe−rTN (d2)− Ke−rT ∂N (d2)
∂r

= Sn(d1)
∂d1
∂r + TKe−rTN (d2)− Ke−rTn(d2)

∂d2
∂r

= Sn(d1)
∂d1
∂r + TKe−rTN (d2)− Ke−rTn(d1)

S
K erT ∂d2

∂r

= Sn(d1)
(

∂d1
∂r −

∂d2
∂r

)
+ TKe−rTN (d2),

Note:
(

∂d1
∂r −

∂d2
∂r

)
= 1

σ

(√
T −
√

T
)

.

= TKe−rTN (d2).

Greek Rho has the following closed form (Haug, 2009) [15, pg.69]:

ρcall = TKe−rTN (d2) > 0.

ρPut = −TKe−rTN (−d2) < 0.

A.4 Greek Theta

Theta is often represented by a negative derivative due to the time decay on
an options value that the Greek represents. Therefore differentiate 2.2 by the
expiration date of the option T. . .

− ∂C
∂T = −S ∂N (d1)

∂T − rKe−rTN (d2) + Ke−rT ∂N ()d2
∂T

= −Sn(d1)
∂d1
∂T − rKe−rTN (d2) + Ke−rTn(d2)

∂d2
∂T

= −Sn(d1)
∂d1
∂T − rKe−rTN (d2) + Ke−rTn(d1)

S
K erT ∂d2

∂T

= Sn(d1)
(

∂d2
∂T −

∂d1
∂T

)
− rKe−rTN (d2).

The derivatives of d1 and d2 with respect to the expiration date are:

∂d1,2

∂T
= − 1

2σ
ln
( S

K

)
T−

3
2 +

1
2σ

(
r± σ2

2

)
T−

1
2 .

Substituting it into the Theta derivative yields:
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− ∂C
∂T = Sn(d1)

(
− 1

2
√

T
σ
)
− rKe−rTN (d2) = −Sn(d1)σ

2
√

T
− rKe−rTN (d2).

Greek Theta has the following closed form [15, pg.64]:

θcall = −Sn(d1)σ

2
√

T
− rKe−rTN (d2).

θPut = −Sn(d1)σ

2
√

T
+ rKe−rTN (−d2).

A.5 Greek Vega

The final Greek is Vega (V) and is the differential of 2.2 with respect to its
volatility σ.

∂C
∂σ = S ∂N (d1)

∂dσ
− Ke−rT ∂N (d2)

∂σ = Sn(d1)
∂d1
∂σ − Ke−rTn(d2)

∂d2
∂σ .

Recalling that n(d2) = n(d1)
SerT

K . . .

∂C
∂σ = Sn(d1)

∂d1
∂σ − Ke−rTn(d1)

S
K erT = Sn(d1)

(
∂d1
∂σ −

∂d2
∂σ

)
.

The derivatives of d1 and d2 are as follows:

∂d1,2

∂σ
= − 1

σ2
√

T
ln
(SerT

K

)
± 1

2

√
T.

Substituting the above into the Greek calculation yields the closed form so-
lution of Greek Vega [15, pg.50]:

Vcall = Vput = S√
2π

e−
−d2

1
2
√

T > 0.
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B Sensitivity Components

B.1 Speed of Adjustment Closed Form

∂a(t,T,κ)
∂κ =

1((√
κ2 + 2σ2 + κ

) (
et
√

κ2−2σ2 − 1
)
+ 2
√

κ2 + 2σ2
) 2θκ

σ2

×
( (

κ2 + 2σ2) θκ
σ2 ·2

2θκ
σ2 e

tθκ(
√

κ2+2σ2+κ)
σ2

(
−

2θ ln
(
(
√

κ2+2σ2+κ)
(

et
√

κ2−2σ2−1
)
+2
√

κ2+2σ2
)

σ2

−
2θκ

 tκ(
√

κ2+2σ2+κ)et
√

κ2−2σ2

√
κ2−2σ2

+

(
κ√

κ2+2σ2
+1
)(

et
√

κ2−2σ2−1
)
+ 2κ√

κ2+2σ2


σ2
(
(
√

κ2+2σ2+κ)
(

et
√

κ2−2σ2−1
)
+2
√

κ2+2σ2
)

))

+

(
κ2 + 2σ2) θκ

σ2 ·2
2θκ
σ2 e

tθκ(
√

κ2+2σ2+κ)
σ2

(
θ ln(κ2+2σ2)

σ2 + 2θκ2

σ2(κ2+2σ2)

)
((√

κ2 + 2σ2 + κ
) (

et
√

κ2−2σ2 − 1
)
+ 2
√

κ2 + 2σ2
) 2θκ

σ2

+
ln (2) θ

(
κ2 + 2σ2) θκ

σ2 ·2
2θκ
σ2 +1e

tθκ(
√

κ2+2σ2+κ)
σ2

σ2
((√

κ2 + 2σ2 + κ
) (

et
√

κ2−2σ2 − 1
)
+ 2
√

κ2 + 2σ2
) 2θκ

σ2

+

(
κ2 + 2σ2) θκ

σ2

 tθ(
√

κ2+2σ2+κ)
σ2 +

tθκ

(
κ√

κ2+2σ2
+1
)

σ2

 ·2 2θκ
σ2 e

tθκ(
√

κ2+2σ2+κ)
σ2

((√
κ2 + 2σ2 + κ

) (
et
√

κ2−2σ2 − 1
)
+ 2
√

κ2 + 2σ2
) 2θκ

σ2
.

∂b(t,T,κ)
∂κ =

2κe
√

κ2+2σ2

√
κ2 + 2σ2

((√
κ2 + 2σ2 + κ

)
eT
√

κ2−2σ2 +
√

κ2 + 2σ2 − κ
)

−

(
Tκ(
√

κ2+2σ2+κ)eT
√

κ2−2σ2

√
κ2−2σ2 +

(
κ√

κ2+2σ2 + 1
)

eT
√

κ2−2σ2
+ κ√

κ2+2σ2 − 1

)(
2e
√

κ2+2σ2−2
)

((√
κ2 + 2σ2 + κ

)
eT
√

κ2−2σ2 +
√

κ2 + 2σ2 − κ
)2

.
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B.2 Volatility Closed Form

∂a(t,T,σ)
∂σ = 1

σ3
(
(
√

2σ2+κ2+κ)
(

et
√

2σ2+κ2−1
)
+2
√

2σ2+κ2
) 2κθ

σ2
(
(
√

2σ2+κ2+κ)et
√

2σ2+κ2+
√

2σ2+κ2−κ
)

× κθ
(
2σ2 + κ2) κθ

σ2−
3
2 ·2

2κθ
σ2 +1e

κtθ(
√

2σ2+κ2+κ)
σ2

×
(((

8σ4 +
√

2σ2 + κ2
(
(4κσ2 + 2κ3

)
+ 8κ2σ2 + 2κ4

)
et
√

2σ2+κ2
+ 8σ4

+
√

2σ2 + κ2
(
−4κσ2 − 2κ3)+ 8κ2σ2 + 2κ4

)
ln
( (√

2σ2 + κ2 + κ
) (

et
√

2σ2+κ2 − 1
)

+ 2
√

2σ2 + κ2
)
+
((
− 4σ4 +

√
2σ2 + κ2

(
− 2κσ2 − κ3

)
− 4κ2σ2 − κ4

)
et
√

2σ2+κ2

− 4σ4 +
√

2σ2 + κ2
(

2κσ2 + κ3
)
− 4κ2σ2 − κ4

)
ln
(

2σ2 + κ2
)

+
(√

2σ2 + κ2
(
− 2tσ4 +

((
2− 4 ln

(
2
))

κ − 3κ2t
)

σ2 − κ4t− 2 ln
(
2
)
κ3
)

+
(
− 10κt− 8 ln

(
2
))

σ4 +
(

2σ2 + κ2
) 3

2
(
− 2tσ2 − κ2t

)
+
(
− 9κ3t− 8 ln

(
2
)
κ2
)

σ2

− 2κ5t− 2 ln
(
2
)
κ4
)

et
√

2σ2+κ2
+
√

2σ2 + κ2
(

2tσ4 +
(

3κ2t +
(

4 ln
(
2
)
− 2
)

κ
)

σ2 + κ4t

+ 2 ln
(
2
)
κ3
)
+
(
− 2κt− 8 ln

(
2
))

σ4 +
(

2σ2 + κ2
) 3

2
(
− 2tσ2 − κ2t

)

+
(
− κ3t− 8 ln

(
2
)
κ2
)

σ2 − 2 ln
(
2
)
κ4

)
.

∂b(t,T,σ)
∂σ = −

4σ
(

e2t
√

2σ2+κ2 − 2t
√

2σ2 + κ2et
√

2σ2+κ2 − 1
)

√
2σ2 + κ2

((√
2σ2 + κ2 + k

)
et
√

2σ2+κ2 +
√

2σ2 + κ2 − k
)2 .



86

C Continuous Sensitivity Equation
Derivations

C.1 Black-Scholes Continuous Sensitivity Equation
Derivations

Each derivation will begin from the Black-Scholes PDE.

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV, Where: V = V(S, t).

C.1.1 Greek Delta CSE

Differentiate with respect to S:

∂2V
∂S∂t

= σ2S
∂2V
∂S2 +

1
2

σ2S2 ∂3V
∂S3 + r

∂V
∂S
− r

∂V
∂S

+ rS
∂2V
∂S2 . (C.1)

Make the following substitution: ∆ = ∂V
∂S and rearrange to obtain:

∂∆
∂t

=
1
2

σ2S2 ∂2∆
∂S2 +

(
σ2 + r

)
S

∂∆
∂S

.

C.1.2 Greek Gamma CSE

As Gamma is by definition the second derivative of Delta. Differentiating
equation C.1 with respect to the underlying will yield the Gamma CSE:

∂3V
∂S2∂t

= σ2 ∂2V
∂S2 + 2σ2S

∂3V
∂S3

1
2

σ2S2 ∂4V
∂S4 + r

∂2V
∂S2 + rS

∂3V
∂S3 .

Make the following substitution: Γ = ∂2V
∂S2 and rearrange:

∂Γ
∂t

=
1
2

σ2S2 ∂2Γ
∂S2 +

(
2σ2S + rS

)∂Γ
∂S

+ (σ2 + r)Γ.
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C.1.3 Greek Vega CSE

Considering the Black-Scholes PDE, the option price V is represented as V(S, t).
However, it relies on all the parameters in the formation of the option price,
it can therefore be denoted as V = V(S, t, σ, K, r).

Now the differentiating Black-Scholes equation with respect to σ yields:

∂2V
∂t∂σ

=
1
2

σ2 ∂3V
∂σ∂S2 + rS

∂2V
∂σ∂S

− r
∂V
∂σ

+ σS2 ∂2V
∂S2 .

Making the following substitution: V = ∂V
∂σ and rearranging yields:

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV + σS2 ∂2V

∂S2 .

C.1.4 Greek Rho CSE

Differentiate the Black-Scholes PDE with respect to the interest rate r:

∂2V
∂r∂t

=
1
2

σ2S2 ∂3V
∂r∂S2 + rS

∂2V
∂r∂S

− r
∂V
∂r

+ S
∂V
∂S
−V.

Make the following substitution: ρ = ∂V
∂r and rearrange:

∂ρ

∂t
=

1
2

σ2S2 ∂2ρ

∂S2 + rS
∂ρ

∂S
− rρ + S

∂V
∂S
−V.

C.2 CIR Continuous Sensitivity Equation Deriva-
tions

Each of the following CSEs will be derived using the CIR zero coupon bond
pricing PDE:

∂B
∂t

=
1
2

σ2r
∂2B
∂r2 + (a− br)

∂B
∂r
− rB.

Notably, for each derivation the CSE of the standard CIR PDE defined on
the semi-infinite domain will be calculated. The domain transformation dis-
cussed in 3 will be applied resulting in the domain transformed CSE equation
for the respective sensitivity.
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C.2.1 Duration CSE

Differentiate the CIR PDE with respect to the interest rate:

∂2B
∂r∂t

=
1
2

σ2 ∂2B
∂r2 +

1
2

σ2r
∂3B
∂r3 + (a− br)

∂2B
∂r2 − b

∂B
∂r
− r

∂B
∂r
− B. (C.2)

Substituting in D = ∂B
∂r and rearranging yields:

∂D
∂t

=
1
2

σ2r
∂2D
∂r2 +

(1
2

σ2 + a− br
)∂D

∂r
− (r + b)D − B.

Duration CSE Domain Transformation

Consider the following domain transformation identities from 3.8:

∂D
∂r

= (1− y)2 ∂D
∂y

,
∂2D
∂r2 = −2(1− y)3 ∂D

∂y
+ (1− y)4 ∂2D

∂y2 . (C.3)

Applying the transformation to the Duration CSE yields:

∂D
∂t

=
1
2

σ2y(1− y)3 ∂2D
∂y2 +

(1
2

σ2(1− y)2 − σ2y(1− y)2 + a(1− y)2 − by(1− y)
)∂D

∂y

−
( y

1− y
+ b
)
D − B.

C.2.2 Convexity CSE

In the similar case to Gamma, Convexity can be derived by differentiating
C.2 again with respect to the interest rate.

∂3B
∂r2∂t

=
1
2

σ2r
∂4B
∂r4 + (σ2 + a− br)

∂3B
∂r3 − (2b + r)

∂2B
∂r2 − 2

∂B
∂r

.

Making the substitution: C = ∂2B
∂r2 and rearranging yields:

∂C
∂t

=
1
2

σ2r
∂2C
∂r2 + (σ2 + a− br)

∂C
∂r
− (2b + r)C − 2

∂B
∂r

.
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Convexity CSE Domain Transformation

Applying the domain transformation identities (3.8) results in:

∂C
∂t

=
1
2

σ2y(1− y)3 ∂2C
∂y2 + (σ2(1− y)3 + a(1− y)2 − by(1− y))

∂C
∂y

−
(

2b +
y

1− y

)
C − 2(1− y)2 ∂B

∂y
.

C.2.3 Speed of Adjustment Sensitivity CSE

Differentiating the CIR zero coupon bond PDE with respect to b (κ) leads to
the following:

∂2B
∂b∂t

=
1
2

σ2r
∂2B

∂b∂r2 + (a− br)
∂2B
∂b∂r

− r
∂B
∂b
− r

∂B
∂r

.

Making the substitution K = ∂B
∂b and rearranging yields:

∂K
∂t

=
1
2

σ2r
∂2K
∂r2 + (a− br)

∂K
∂r
− rK− r

∂B
∂r

.

Speed Of Adjustment CSE Domain Transformation

Applying domain transformation to the above CSE yields:

∂K
∂t

=
1
2

σ2y(1− y)3 ∂2K
∂y2 + (a(1− y)2 − by(1− y)− σ2y(1− y)2)

∂K
∂y

−
( y

1− y

)
K− y(1− y)

∂B
∂y

.

C.2.4 Volatility Sensitivity CSE

Differentiating with respect to the volatility parameter (σ) yields:

∂2B
∂σ∂t

=
1
2

σ2r
∂2B

∂σ∂r2 + σr
∂2B
∂r2 + (a− br)

∂2B
∂σ∂r

− r
∂B
∂σ

.

Applying the following substitution V = ∂B
∂σ and rearranging yields:

∂V
∂t

=
1
2

σ2r
∂2V
∂r2 + (a− br)

∂V
∂r
− rV + σr

∂2B
∂r2 .
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Volatility CSE Domain Transformation

Applying domain transformation to the above CSE yields:

∂V
∂t

=
1
2

σ2y(1− y)3 ∂2V
∂y2 + (a(1− y)2 − by(1− y)− σ2y(1− y)2)

∂V
∂y

−
( y

1− y

)
V + σr

(
− 2(1− y)3 ∂B

∂y
+ (1− y)4 ∂2B

∂y2

)
.

C.3 Domain Transformation of the Black-Scholes
Equation

Consider the Black-Scholes equation:

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV.

Using the domain transformation (3.1), the following identities are obtained
through the use of the chain rule:

S =
y

1− y
,

∂V
∂S

= (1− y)2 ∂V
∂y

,
∂2V
∂S2 = −2(1− y)3 ∂V

∂y
+ (1− y)4 ∂2V

∂y2 .

(C.4)

∂V
∂t

=
1
2

σ2
( y

1− y

)2(
− 2(1− y)3 ∂V

∂y
+ (1− y)4 ∂2V

∂y2

)
+ r
( y

1− y

)
(1− y)2 ∂V

∂y
− rV.

=
1
2

σ2y2(1− y)2 ∂2V
∂y2 +

(
ry(1− y)− σ2y2(1− y)

)∂V
∂y
− rV.

Where the payoff function is given by:

V
(( y

1− y

)
, T
)
= max

(( y
1− y

)
− K, 0

)
.

C.3.1 Transformed Vega CSE

Considering the standard Vega CSE:

∂V
∂t

=
1
2

σ2S2 ∂2V
∂S2 + rS

∂V
∂S
− rV + σS2 ∂2V

∂S2 .
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Similar transformations to C.4 can be applied to yield:

∂V
∂t

=
1
2

σ2
( y

1− y

)2(
− 2(1− y)3 ∂V

∂y
+ (1− y)4 ∂2V

∂y2

)
+ r
( y

1− y

)
(1− y)2 ∂V

∂y

− rV + σ
( y

1− y

)2(
− 2(1− y)3 ∂V

∂y
+ (1− y)4 ∂2V

∂y2

)
.

Rearranging yields the transformed Vega CSE defined on a spatial unit inter-
val:

∂V
∂t

=
1
2

σ2y2(1− y)2 ∂2V
∂y2 +

(
ry(1− y)− σ2y2(1− y)

)∂V
∂y
− rV

+ σy2(1− y)2 ∂2V
∂y2 − 2σy2(1− y)

∂V
∂y

.

C.3.2 Transformed Rho CSE

Following the same procedure as in chapter D.3.1, consider the Rho CSE:

∂ρ

∂t
=

1
2

σ2S2 ∂2ρ

∂S2 + rS
∂ρ

∂S
− rρ + S

∂V
∂S
−V.

Applying similar domain transformation identities to C.4, the following is
obtained:

∂ρ

∂t
=

1
2

σ2
( y

1− y

)2(
− 2(1− y)3 ∂ρ

∂y
+ (1− y)4 ∂2ρ

∂y2

)
+ r
( y

y− 1

)(
(1− y)2 ∂ρ

∂y

)
− rρ−V +

( y
1− y

)
(1− y)2 ∂V

∂y
.

Rearranging yields:

∂ρ

∂t
=

1
2

σ2y2(1− y)2 ∂2ρ

∂y2 +
(

ry(1− y)− σ2y2(1− y)
)∂ρ

∂y
− rρ−V + y(1− y)

∂V
∂y

.
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D C++ Code Appendix

D.1 Crank Nicolson Definitions C++ Code

FIGURE D.1: C++ Crank Nicolson Definitions File
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FIGURE D.2: C++ Crank Nicolson Definitions File
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FIGURE D.3: C++ Crank Nicolson Definitions File
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D.2 Method Of Lines Definitions C++ Code

FIGURE D.4: C++ Method Of Lines Definitions File
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FIGURE D.5: C++ Method Of Lines Definitions File
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FIGURE D.6: C++ Method Of Lines Definitions File
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FIGURE D.7: C++ Method Of Lines Definitions File
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D.3 Black-Scholes Forward AD C++ Code

FIGURE D.8: C++ Black-Scholes Forward AD Header File
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FIGURE D.9: C++ Black-Scholes Forward AD Header File
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E MATLAB Code Appendix

E.1 MATLAB Crank Nicolson Code

FIGURE E.1: C++ CN MATLAB Definitions File
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FIGURE E.2: C++ CN MATLAB Definitions File
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FIGURE E.3: C++ CN MATLAB Definitions File
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E.2 MATLAB Alternating Direction Explicit Code

FIGURE E.4: C++ CN MATLAB Definitions File
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FIGURE E.5: C++ CN MATLAB Definitions File
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FIGURE E.6: C++ CN MATLAB Definitions File
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